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1.  STATEMENT  OF  THE  PROBLEM  STUDIED 


Adiabatic  shear  is  the  name  given  to  a  localization  phenomenon  that  occurs  during 
high^rate  plastic  deformation  such  as  machining,  explosive  forming,  shock  impact  loading, 
ballistic  penetration,  fragmentation,  ore  crushing,  impact  tooling  failure,  and  metal  shaping 
and  forming  processes.  The  localization  of  shear  strain  has  been  observe  in  steels,  nonfer- 
rous  metals,  and  polymers.  Practical  interest  in  the  phenomenon  derives  from  the  fact  that 
progressive  shearing  on  an  intense  shear  band  provides  an  undesirable  mode  of  material 
resistance  to  imposed  deformation,  and  the  bands  are  often  precursors  of  shear  fractures. 

The  localization  of  deformation  is  exemplified  by  the  deformed  shear  band  in  the 
aluminum  alloy  2014-T6,  shown  in  Figure  1,  which  is  taken  from  Rogers’  review  article  [1], 


Figure  1.  Deformed  shear  band  produced  below  a  Elat-ended 

projectile  in  aluainua  alloy  2014^16,  showing  the 
high  degree  of  shear  in  the  band*^ 


Precipitate  particles  and  grain  boundaries  provide  the  markers  for  shear  strain  delineation, 
which  is  obviously  very  high  in  an  extremely  thin  zone  of  deformation.  There  is  no  evidence 
from  the  microstructure  that  this  was  an  adiabatic  shear  band;  only  the  knowledge  that  the 
deformation  was  caused  by  projectile  impact  would  necessitate  considering  deformation 
heating  as  a  contributing  factor  in  strain  localization.  Moss  [2]  used  an  explosively  driven 
punch  to  shear  plugs  from  Ni-Cr  steel  plates,  and  thereby  observe  strain  and  strain  rates  in 
the  resulting  shear  bands.  His  findings,  illustrated  in  Figures  2  and  3,  clearly  indicate  that  a 
maximum  shear  strain  rate  as  large  as  9.4  x  10^  sec“^  occurred. 
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Figure  2.  Shear  strain  versus 

distance  through  an  ^ 
adiabatic  shear  band. 


Figure  3.  Shear  strain  rate  versus 
distance  through  an  ^ 
adiabatic  shear  band. 


Zener  and  Holloraon  [3]  observed  32  iim  wide  shear  bands  in  a  steel  plate  punched 
by  a  standard  die,  and  estimated  the  maximum  strain  in  the  band  to  be  100.  They  recog¬ 
nized  the  destabilizing  effect  of  thennal  softening  in  reducing  the  slope  of  the  stress-strain 
curve  in  nearly  adiabatic  deformations,  and  postulated  that  a  negative  slope  of  the  stress- 
strain  curve  implies  an  intrinsic  instability  of  the  material. 

According  to  Johnson  [4],  adiabatic  shear  bands  had  been  observed  by  Tresca  [5]  in 
1878  and  Massey[61  ir  1921  during  the  hot  forging  of  platinum.  They  called  them  hot  lines. 

Recent  experimental  [7-9]  investigations  have  established  that  the  localization  of  the 
deformation  initiates  in  earnest  at  a  value  of  the  average  strain  much  greater  than  the  value 
at  which  the  shear  stress  or  the  effective  stress  attains  its  peak  value.  Experimental  findings 
of  Marchand  and  Duffy  [7]  on  HY-100  steel,  and  of  Marchand,  Cno,  and  Duffy  [9]  on  .\1SI 
1018  cold-rolled  steel  indicate  that  the  shear  strain  localization  phenomenon  consists  of 
three  stages.  In  the  first  stage,  the  deformation  stays  homogeneous.  Stage  two,  stipulated 
*0  imtiate  when  the  shear  stress  attains  its  peak  value,  involves  non-humogeneous  deforma¬ 
tions  of  the  block.  In  stage  three,  the  shear  stress  drops  precipitously  and  the  severely 


deforming  region  narrows  down  considerably.  Thus,  the  stability  criterion  [10]  based  on 
the  stress  attaining  a  maximum  value  will  predict  the  initiation  of  stage  two  rather  *han  the 
beginning  of  the  intense  localization  of  the  deformation. 

We  have  developed  a  robust  computer  code  to  integrate  field  equations  governing  the 
thermomechanical  deformations  of  a  viscoplastic  body  deformed  in  either  simple  shear  or 
plane  strain  compression.  The  code  has  been  used  to  study  the*  ini  nation  and  growth  of 
shear  bands  with  the  following  objectives: 

(a)  identifying  the  most  appropriate  constitutive  model  for  the  study  of  shear 
bands, 

(b)  assessing  the  effect  of  different  ways  of  modeling  a  material  inhomogeneity, 

(c)  identifying  material  parameters  that  affect  significantly  the  initiation  and 
subsequent  development  of  shear  bands, 

(d)  investigating  the  interaction  among  two  or  more  bands,  and 

(e)  finding  the  effect  of  the  deformation  mode  (i.e.,  simple  shear  or  plane  strain 
compression)  on  the  initiation  and  growth  of  adiabatic  shear  bands. 

2.  SUMMARY  OF  IMPORT/UNT  RESULTS 

From  the  research  completed  under  this  contract,  the  following  salient  conclusions 
can  be  drawn. 

1.  Of  the  five  constitutive  relations,  namely,  the  Bodner-Panom  law,  the  Litonski 
law,  the  Power  law,  the  Johnson-Cook  law,  and  the  Wright-Batra  law  for 
dipolar  materia’ %  used  to  model  the  thermoviscoplastic  response  of  materials 
in  simple  shear,  .ne  Bodner-Panom  law  and  the  Wright-Batra  dipolar  theory 
predict  results  which  are  in  better  agreement  with  the  experimental  observa¬ 
tions  of  Marchand  and  Duffy  on  HY-100  steel  than  are  the  predictions  from 
the  other  three  constitutive  relations. 


2.  The  plots  of  the  band  width  w  computed  when  the  ratio  of  the  average  shear 
stress  in  the  specimen  to  the  maximum  shear  stress  equalled  0.95,  0.90,  0.85, 
0.80,  0,75,  and  0,70  versus  the  square  root  of  the  thermal  conductivity  k 
revealed  that  w  decreases  with  a  decrease  in  k  for  each  of  the  three  constitutive 
relations,  viz,  the  Litonski  law,  the  Bodner-Partom  law,  and  the  Johnson-Cook 
law,  and  that  the  relationship  between  w  and  (k)^/^  is  ^ot  linear. 

3.  The  consideration  of  inertia  forces  delays  the  initiation  of  shear  bands.  For 
materials  exhibiting  large  thermal  softening  effect  in  the  Litonski  law,  the 
stress  drop  within  the  band  is  rapid  enough  to  cause  an  elastic  unloading  wave 
to  emanate  outward  from  the  shear  band, 

4.  When  the  dependence  of  material  properties  upon  the  temperature  is 
accounted  for,  and  the  Bodner-Partom  law  is  used  to  model  the  viscoplastic 
response  of  the  material,  it  was  found  that  an  increase  in  the  initial  tempera¬ 
ture  delayed  the  initiation  of  she^  bands  and  resulted  in  wider  bands. 

5.  When  the  initiation  and  development  of  shear  bands  in  six  ductile  and  six  less 
ductile  materials  was  smdied  by  using  the  Johnson-Cook  law,  the  homologous 
temperature  of  a  material  point  at  the  band  center  when  the  shear  stress  had 
dropped  to  85%  of  its  maximum  value  was  found  to  be  independent  of  the 
defect  size. 

6.  For  dipolar  materials,  the  initiation  of  the  localization  process  was  delayed,  the 
shear  stress  dropped  less  rapidly,  and  bands  were  wider  as  compared  to  that  for 
the  nonpolar  case. 

7.  For  a  hollow  viscoplastic  cylinder  containing  two  ellipsoidal  voids  symmetri¬ 
cally  located  on  a  radial  line  with  their  centers  at  the  midpoints  of  the  cylinder 
thickness,  the  shear  bands  initiate  at  void  tips  near  the  inner  surface  of  the 
cylinder  and  propagate  toward  this  surface.  Even  though  the  strain  near  the 
other  void  tips  is  high,  no  bands  were  found  to  diffuse  out  from  them. 


8.  The  modelling  of  a  material  defect  by  either  (i)  introducing  a  temperature 
perturbation,  (ii)  assuming  that  the  material  at  the  site  of  the  defect  is  weaker 
than  the  rest  of  the  material,  (iii)  there  is  a  non-heat-conducting  rigid  ellip¬ 
soidal  inclusion,  or  (iv)  there  is  an  ellipsoidal  void  at  the  defect  site,  give 
simhar  qualitative  results. 

9.  For  a  bimetallic  body  containing  a  thin  layer  of  a  weak  material,  and  also  an 
ellipsoidal  void  and  deformed  in  plane  strain  compression,  shear  bands  also 
originate  from  points  where  the  thin  layer  meets  the  free  boundaries  and 
propagate  into  the  weaker  layer  material.  These  bands  propagate  along  the 
thm  layer  first  and  then  bifurcate  into  two  bands  that  propagate  into  the  matrix 
material  in  the  direction  of  the  maximum  shear  stress. 

10.  The  rate  of  evolution  of  the  stress,  strain,  and  temperature  at  the  band  center 
in  a  viscoplastic  body  undergoing  plane  strain  deformations  is  different  from 
that  in  the  same  body  deformed  in  simple  shear.  For  example,  the  temperature 
rises  extremely  sharply  in  the  latter  case,  but  rather  gradually  in  the  former. 

3.  BRIEF  REVIEW  OF  THE  COMPLETED  WORK 

The  thrust  of  the  research  has  been  to  increase  our  understanding  of  the  physics  of 
adiabatic  shear  banding,  delineate  the  post-localization  response  of  the  material,  find  the 
structure  within  the  band,  and  assess  the  effect  of  various  material  and  geometric  parame¬ 
ters  on  the  initiation  and  development  of  the  shear  band.  For  this  purpor  i,  a  robust 
computer  code  that  gives  stable  and  reliable  results,  even  after  the  localization  has  set  in 
and  the  band  has  formed,  has  been  developed.  We  first  outline  briefly  results  for  the  simple 
shearing  problem,  and  then  for  the  two-dimensional  problems  involving  plane  strain 
deformations  of  a  thermally  softening  viscoplastic  body.  Throughout  our  work,  we  have 
assumed  that  softening  is  caused  by  the  heating  of  the  body  due  to  plastic  working,  and  the 
material  can  undergo  unlimited  plastic  deformation. 


a.  Results  for  the  Simple  Shearing  Problem. 

When  studying  the  initiation  and  growth  of  shear  bands  in  a  body  undergoing  overall 
simple  shearing  deformations,  we  have  modeled  its  material  as  elastic-viscoplastic  that 
exhibits  strain-hardening,  strain-rate  hardening,  and  thermal  softening.  A  material  inho¬ 
mogeneity  or  defect  hao  been  modeled  by  either  introducing  a  temperature  perturbation  or 
by  assuming  that  the  block  has  a  non-uniform  thickness.  We  found  values  of  ther  material 
parameters  in  the  Bcdner-Partom  [11]  constitutive  relation,  Litonski  law  [12],  Johnson- 
Cook  law  [13],  Power  law  [14],  and  the  Wright-Batra  [15]  dipolar  theory  by  ensuring  that  the 
computed  shear  stress-shear  strain  curve  for  a  block  without  any  defect  matched  well  with 
that  reported  by  Marchand  and  Duffy  [7]  for  a  HY-lOO  steel  specimen  subjected  to  tor¬ 
sional  loading  at  room  temperature  and  deformed  at  a  nominal  strain-rate  of  3300  sec‘^ . 
The  size  of  the  defect  was  determined  by  numerical  experiments,  so  that  the  sharp  drop  in 
stress  occurred  at  about  the  experimental  value  of  the  nominal  strain.  Subsequently, 
computed  band-width,  temperature  rise,  evolution  of  the  strain  within  the  band,  and  the 
rate  of  stress  drop  for  tests  done  at  nominal  strain  rates  of  1600  sec*^  and  1400  sec*^  were 
compared  with  the  experimental  findings.  This  comparison  [16]  revealed  that  the  predic¬ 
tions  from  the  Bodner-Partom  law  and  the  Wright-Batra  dipolar  theory  are  in  better 
agreement  with  experimental  observations  than  those  from  the  other  three  flow  ru’  Each 
one  of  the  five  constitutive  relations  predicted  the  three  stages  of  the  localization  phenome¬ 
non  reported  by  Marchand  and  Duffy.  However,  the  rate  of  evolution  of  the  temperature 
within  the  band  and/or  the  rate  of  drop  of  the  shear  stress  within  the  band  depended  upon 
the  constimtive  relation  used. 

We  [17]  have  used  the  Litonski  law,  the  Bodner-Partom  law  and  the  Johnson-Cook 
law  to  model  the  viscoplastic  response  of  the  material  and  computed  results  for  five 
different  values,  i.e.,  0.  5,  50.  500,  and  5000  W/m  ®  C,  of  the  thermal  conductivity  k.  The 
thickness  of  the  block  was  assumed  to  vary  smoothly,  with  the  thickness  at  the  specimen 
center  being  5%  smaller  than  that  at  the  outer  edges.  For  each  of  these  three  constitutive 


relations,  the  rates  of  evolution  of  the  temperature  and  the  shear  strain  at  the  specimen 
center  were  steepest  for  k  =  0,  and  decreased  with  an  increase  in  the  value  of  k.  Marchand 
and  Duffy  [7]  defined  the  band-width  as  the  width  of  the  region  over  which  the  shear  strain 
equalled  its  peak  value.  For  most  of  our  computations,  this  definition  will  give  the  band¬ 
width  to  be  zero.  Therefore,  we  defined  the  band-width  as  the  width  of  the  region  over 
which  the  shear  strain  exceeds  95%  of  its  value  at  the  center.  The  band-width  depends 
upon  how  far  the  localization  of  the  deformation  has  progressed,  or  how  much  the  shear 
stress  at  the  specimen  center  has  dropped.  The  plots  of  the  band-width  w  computed  when 
the  ratio  of  the  average  stress  in  the  specimen  to  the  maximum  shear  stress  equalled  0.95, 
0.90,  0.85,  0.80,  0.75,  and  0.70  versus  (k)^/^  revealed  that  w  decreased  with  a  decrease  in 
the  value  of  k,  irrespective  of  the  constitutive  relation  employed,  and  that  the  relationship 
between  w  and  (k)^/^  not  linear  as  assened  by  Dodd  and  Bai  [18].  The  Litonski  law 
and  Johnson-Cook  law  4>ve  zero  band  width  for  k  =*  0,  but  the  Bodner-Partom  law  gave  a 
finite  value  of  the  band- width- for  k  »  0. 

We  [19]  examined  the  effect  of  inertia  forces  on  the  initiation  of  shear  bands  with 
each  one  of  the  aforestaied  five  constitutive  relations.  It  was  found  that  the  consideration 
of  inertia  forces  delayed  the  initiation  of  shear  bands.  With  the  Litonski  law  and  when 
inertia  forces  were  considered,  the  stress  drop  within  the  band  was  rapid  enougn  to  cause  an 
elastic  unloading  wave  to  emanate  outward  from  the  shear  band.  The  difference  betw'een 
the  computed  speed  of  this  elastic  unloading  wave  and  Y  was  less  than  1%.  Here  a 
and  p  equal,  respectively,  the  shear  modulus  and  the  mass  density  of  the  material  of  the 
body.  No  such  wave  effect  was  observed  with  the  other  constitutive  relations. 

When  studying  the  effect  of  the  initial  temperature  of  the  specimen  upon  the  imtia- 
tion  and  development  of  shear  bands,  we  [20]  modeled  the  viscoplastic  response  of  the 
material  by  the  Bodner-Partom  law  and  accounted  for  the  dependence  of  the  specific  heat, 
thermal  conductivity,  and  shear  modulus  upon  the  tem.perature.  It  was  found  that  an 
increase  in  the  initial  temperature  delayed  the  imtiation  of  shear  bands  and  resulted  in 


wider  bands.  This  suggests  that  at  higher  initial  temperatures  of  the  specimen,  larger 
changes  of  shape  can  be  accommodated  without  damaging  the  workpiece  due  to  the 
occurrence  of  shear  bands. 

In  an  attempt  to  correlate  the  information  regarding  the  initiation  and  development  of 
shear  bands  in  different  materials,  we  [21]  have  investigated  the  overall  simple  shearing 
deformations  of  an  elastic- viscoplastic  block  deformed  at  a  nominal  strain- rate  of  1500 
sec'S  and  made  of  12  different  materials,  namely,  OFHC  copper,  Cartridge  brass,  Nickel 
200,  Armco  IF  (interstitial  free)  iron,  Carpenter  electric  iron,  1006  steel,  2024-T351 
aluminum,  7039  aluminum,  low  alloy  steel,  S-7  tool  steel.  Tungsten  alloy,  and  Depleted 
Uranium  (DU-0.75  Ti).  The  thermomechanical  response  of  these  materials  is  represented 
by  the  Johnson-Cook  law,  the  material  parameters  are  assigned  values  given  by  Johnson  et 
al.  [22],  and  the  thickness  of  the  block  is  least  at  its  center,  and  its  ends  are  kept  at  a  con¬ 
stant  temperature.  It  is  found  that  the  localization  of  the  deformation  begins  earnestly 
when  the  shear  stress  at  the  weakest  point  has  dropped  to  somewhere  between  90  and  95% 
of  its  maximum  value.  The  ratio  of  the  maximum  shear  strain  within  the  band  to  the 
nominal  strain  is  found  to  depend  strongly  upon  log  S ,  where  S  is  the  percentage  decrease 
in  the  specimen  thickness  at  the  center  as  compared  to  that  at  its  edges.  Larger  defects 
result  in  more  severe  localization  of  the  deformation  for  the  same  value  of  the  ratio  of  the 
shear  stress  within  the  band  to  the  maximum  shear  stress.  The  defect  size  has  very  little 
effect  on  the  value  of  the  homologous  temperature,  defined  as  the  ratio  of  the  absolute 
temperature  of  a  material  point  to  its  melting  temperature,  when  the  shear  stress  at  the 
specimen  center  attained  its  peak  value,  and  when  it  had  dropped  to  85%  of  its  maximum 
value.  The  band-width,  defined  above,  computed  when  the  shear  stress  at  the  specimen 
center  has  dropped  to  85%  of  its  maximum  value,  was  found  to  be  much  longer  for  copper 
than  for  any  of  the  other  eleven  materials  studied.  The  computed  band-width  was  different 
for  the  Armco  IF  iron,  1006  steel,  and  S-7  tool  steel,  even  though  each  was  assigned  the 
same  value  of  the  thermal  conductivity.  No  simple  correlation  was  found  betw'een  the 


band-width  and  the  thermal  conductivity  for  these  twelve  materials. 

When  dipolar  effects,  i.e.,  the  strain  gradient  considered  as  an  independent  kinematic 
variable  and  the  corresponding  higher  order  stress  included  in  the  balance  of  linear 
momentum  and  the  balance  of  energy,  were  considered,  initiation  of  the  localization 
process  was  delayed,  the  shear  stress  dropped  less  rapidly,  and  the  computed  band-width 
was  more  as  compared  to  the  corresponding  results  for  the  nonpolar  case  [23].  The 
band-width  and  the  value  of  the  strain  when  the  shear  band  initiated  decreased  monotoni- 
cally  and  nonlinearly  with  a  decrease  in  the  value  of  the  material  characteristic  length. 
.Aiso,  no  unloading  wave  emanated  outward  from  the  severely  deforming  region  in  the 
problem  wherein  such  a  wave  was  computed  in  the  absence  of  dipolar  effects, 
b.  Results  for  the  Plane-Strain  Problems. 

We  [24-26]  have  analyzed  the  phenomenon  of  shear  banding  in  a  viscoplastic  pris¬ 
matic  body  of  square  cross-section  undergoing  overall  adiabatic  plane  strain  thermome¬ 
chanical  deformations.  Two  different  loadings,  namely,  simple  shearing  and  simple 
compression,  at  a  nominal  strain-rate  of  5000  sec’^  are  considered.  A  material  defect  is 
modeled  1/  either  (i)  introducing  a  temperatiore  perturbation  at  the  specimen  center,  (ii) 
assuming  that  the  material  in  a  narrow  region  around  the  center  of  the  specimen  is  weaker 
than  the  rest  of  the  material,  (iii)  there  is  a  rigid  non-heat-conducting  ellipsoidal  inclusion 
(the  inclusion  simulates  an  impurity  or  a  second  phase  particle  such  as  carbide  or  manga¬ 
nese  sulfide  in  a  steel)  at  the  center,  or  tiv)  there  is  an  ellipsoidal  void  at  the  center  and  also 
a  narrow  horizontal  layer  of  a  different  material  whose  yield  stress  in  simple  compression 
equals  either  one-fifth  or  five  times  that  of  the  surrounding  matrix  material.  The  thermo¬ 
viscoplastic  response  of  the  material  was  represented  by  a  constitutive  relation  obtained  by 
generalizing  Litonski’s  law.  In  each  case,  bands  of  intense  shear  diffuse  out  from  the  point 
abutting  the  defect  and  propagate  in  the  direction  of  maximum  shearing.  The  velocity  field 
suffers  a  sharp  jump  across  the  shear  band,  as  asserted  by  Tresca  [5]  and  .vlassey  [o]  in  1878 
and  1921,  respectively.  As  the  temperature  within  the  band  increases,  the  effective  stress  in 
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it  drops  and  the  strain-rate  rises.  At  a  point  near  the  inclusion  tip  or  the  void  tip,  the 
effective  stress  drops  first.  This  is  followed,  much  later,  by  a  sharp  increase  in  the  maxi¬ 
mum  principal  logarithmic  strain  £  at  the  same  point.  The  rate  of  drop  of  the  effective 
stress  and  the  rate  of  growth  of  £  are  much  lower  than  those  found  in  the  one-dimensional 
simple  shearing  problem  (e.g.,  see  the  Fig.).  These  differences  are  possibly  due  to  the 
constraining  effects  of  the  relatively  strong  material  surrounding  the  weakened  material 
within  the  shear  band.  A  similar  phenomenon  was  observed  in  the  study  of  shear  bands 
originating  from  void  tips  in  a  long  hollow  cylinder  whose  inner  surface  is  subjected  to  a 
prescribed  radial  velocity  [27].  Note  that  the  deformations  of  the  cylinder  are  non- 
homogeneous,  even  when  there  are  no  voids.  The  shear  bands  were  found  to  initiate  first  at 
void  tips  closer  to  the  center  of  the  cylinder,  and  propagate  toward  the  inner  surface.  The 
shear  bands  originating  from  the  other  void  tips  propagated  toward  the  outer  surface  of  the 
cylinder. 

For  the  bimetallic  body  containing  a  thin  layer  of  a  different  material  and  also  an 
ellipsoidal  void  [26],  the  shear  bands  initiating  from  the  tips  of  the  void  on  the  major  axes 
propagate  in  the  direction  of  the  maximum  shear  stress.  These  bands  are  arrested  by  the 
strong  virtually  rigid  material  of  the  thin  layer,  but  pass  through  the  weaker  thin  layer  rather 
easily.  Other  shear  bands  originate  from  points  at  which  the  thin  layers  meet  the  free 
boundaries  and  propagate  into  the  weaker  material.  The  band  in  the  weaker  thin  layer 
propagates  horizontally  first,  and  then  bifurcates  into  two  bands  that  propagate  into  the 
matrix  material  in  the  direction  of  maximum  shear  stress.  Within  the  band  near  the  void 
ups,  the  effective  stress  drops  quite  rapidly  and  the  temperature  there  rises  sharply  at  about 
the  same  time.  However,  the  sharp  rise  in  the  maximum  principal  logarithmic  strain  there 
occurs  much  later  because  parts  of  the  void  near  the  tips  had  coalesced. 

Thus,  histories  of  the  evolution  of  the  temperature,  effective  stress,  and  effective 
strain  at  a  point  within  a  shear  band  for  the  two-dimensional  problems  are  strikingly 
different  from  those  for  the  one-dimensional  simple  shearing  problem. 


PRINCIPAL  LOGARITHMIC  STRAIN 


4.  PUBUCATIONS 


a)  ARTICLES  IN  REFEREED  JOURNALS 

1.  R.  C.  Batra  and  Y.  W.  Kwon,  Adiabatic  Shear  Banding  in  a  Bimetallic 
Body,  Acta  Mechanica.  77, 281-297, 1989. 

2.  R.  C.  Batra  and  D-Shin  Liu,  Adiabatic  Shear  Banding  in  Dynamic  Plane 
Strain  Problems,  J.  Appl.  Mechs..  56, 527-534, 1989. 

3.  R.  C.  Batra  and  De-Shin  Liu,  Adiabatic  Shear  Banding  in  Dynamic 
Plane  Strain  Compression  of  a  Viscoplastic  Material,  Int.  J.  Plasticity  6, 
231-246, 1990. 

4.  R.  C.  Batra  and  C.  H.  Kim,  Adiabatic  Shear  Banding  in  Elastic- 
Viscoplastic  Nonpolar  and  Dipolar  Materials,  Int.  J.  Plasticity.  6, 
127-141, 1990. 

5.  R.  C.  Batra  and  C.  H.  Kim,  An  Ad^tive  Mesh  Refinement  Technique 
for  the  AnaNsis  of  Adiabatic  Shear  Banding,  Mechs.  Research  Commu- 
m<?ations>  i  a  8i-9i,  1990. 

6.  R.  C.  Batra  and  C.  H.  Kim,  Effect  of  Integration  Methods  on  the 
Solution  of  an  Adiabatic  Shear  Banding  Problem,  Int.  J.  Numerical 
Methods  Engineering.  29. 1639-1652,  1990. 

7.  R.  C.  Batra  and  C.  H.  Kim,  Effect  of  Viscoplastic  Flow  Rules  on  the 
Initiation  and  Growth  of  Shear  Bands  at  High  Strain  Rates,  J.  Mechs. 
Phvs.  Solids.  38. 859-874,1990. 

8.  Z.  G.  Zhu  and  R.  C.  Batra,  "Dynamic  Shear  Band  Development  in 
Plane  Strain  Compression  of  a  Viscoplastic  Body  Containing  a  Rigid 
Inclusion",  Acta  Mechanica.  84, 89-107,  1990. 

9.  R.  C.  Batra  and  C.  H.  Kim,  "The  Interaction  .Among  .Adiabatic  Shear 
Bands  in  Simple  and  Dipolar  Materials",  Int.  J.  Engr.  Science.  28, 
927-942, 1990. 

10.  R.  C.  Batra  and  Xiang-Tong  Zhang,  "Shear  Band  Development  in 
Dynamic  Loading  of  a  Viscoplastic  Cylinder  Contaimng  Two  Voids", 
.Acta  Mechanica.  85,  221-234,  1990. 

11.  R.  C.  Batra  and  C.  H.  Kim,  Effect  of  Thermal  Conductivity  on  the 
Initiation,  Growth,  and  Band  Width  of  Adiabatic  Shear  Bands,  Int. 

J.  Engng.  Sci. ,  29,  949-960, 1991. 

12.  R.  C.  Batra  and  Z.  G.  Zhu,  Dynamic  .Adiabatic  Shear  Band  Develop¬ 
ment  in  a  Bimetallic  Bodv  Containing  a  Void,  Int.  J.  Solids  Structures. 
27, 1829-1854,  1991. 

13.  R.  C.  Batra  and  Z.  G.  Zhu,  Dynamic  Band  Development  in  a  Thermally 
Softening  Bimetallic  Bodv  Containing  Two  Voids,  Acta  Mechanica.  86. 
31-52, 1991. 


14.  Z.  G.  Zhu  and  R.  C.  Batra,  Shear  Band  Development  in  a  Thermally 
Softening  Viscoplastic  Body,  Computers  and  Structures.  39,  459-472, 
1991. 

15.  R.  C.  Batra  and  C.  H.  Kim,  Analysis  of  Shear  Banding  in  Twelve 
Materials,  Int.  J.  Plasticity,  (in  press). 

16.  Z.  G,  Zhu  and  R.  C.  Batra,  Analysis  of  Shear  Banding  in  Plane  Strain 
Compression  of  a  Bimetallic  Thermally  Softening  Viscoplastic  Body 
Containing  an  Elliptical  Void,  J.  Engr.  Mat,  and  Tech.,  (in  press). 

17.  C.  H.  Kim  and  R.  C.  Batra,  Effect  of  Initial  Temperamre  on  the  Initia¬ 
tion  and  Growth  of  Shear  Bands  in  a  Plain  Carbon  Steel,  Int.  J.  Nonlinear 
MfiidlSi,  (in  press). 

18.  Xiang-Tong  Zhang  and  R.  C.  Batra,  An  Approximate  Linear  Stability 
Analysis  of  Simple  Shearing  Deformations  of  a  Dipolar  Viscoplastic 
Material,  J.  Math.  Physical  Sciences  (in  press). 


ARTICLES  IN  CONFERENCE  PROCEEDINGS 

19.  R.  C.  Batra,  A  Mathematical  Model  of  Adiabatic  Shear  Banding,  in 

Maihgmatkai,  .Scisngg  and  .TA<?]isolQ,gy>  (N.  v.  c.  Swamy, 

P.  Achuthan  and  S.  N.  Majhi  eds.)  Tata  McGraw  Hill,  pp.  302-312, 
1988. 

20.  R.  C,  Batra  and  Dc*Shin  Liu,  Shear  Band  Development  in  Dynamic 
Plane  Strain  Compression  of  a  Viscopiastic  Material,  Proc.  Arrny  Svmp. 

Solid  MgghSii  Mg<;hani<?s..Qf  Engng,e.r.s<l.Matgri^i?  ^nd 
Newport,  May  16-18, 1989,  pp.  118-122. 

21.  R.  C.  Batra,  Effect  of  Nominal  Strain  Rates  on  Adiabatic  Shear 
Banding  in  Dipolar  Materials,  Pan  American  Congress  of  Applied 
Mechs..  Rio  de  Janeiro,  Brazil,  Jan.  1989,  pp.  79-82. 

22.  R.  C.  Batra  and  C,  H.  Kim,  Effect  of  Constitutive  Modelling  on 
Dynamic  Development  of  Shear  Bands  in  Viscopiastic  Materials.  Proc. 
7th  U.  S.  Army  Conf.  AppL  Math,  and  Computing.  (F.  Dressel,  ed.),  pp 
182-192,  1990. 

23.  Z.  G.  Zhu  and  R.  C.  Batra,  Analysis  of  Shear  Banding  in  Plane  Strain 
Compression  of  a  Bimetallic  Thermally  Softening  Viscopiastic  Body 
Containing  an  Elliptical  Void,  Thermal  Effects^^on  Structures  and 
Matenals  (V.  Birman  and  D.  Hui,  eds.)  ASME  Press,  AxMD-Vol.  110, 
pp.  77-92, 1990. 

24.  R.  C.  Batra  and  C.  H.  Kim,  Modelling  of  Shear  Bands  in  a  HY-100 
Structural  Steel,  Computational  Mechanics  91  (S.  N.  Atluri,  D,  E. 
Beskos,  and  G.  Yagawa,  eds.),  Springer-Veriag  (in  press). 

25.  R.  C.  Batra  and  Z.  G.  Zhu,  Dynamic  Shear  Band  Development  in  Plane 
Strain  Compression  of  a  Bimetallic  Body,  Trans.  Sth  Armv  Conf. 
Applied  Math  &  Computing.  (F,  Dressel.  ed.),  pp.  127-136,  1991. 


5.  PRESENTATIONS 


1.  R.  C.  Batra  and  C.  H.  Kim,  Adiabatic  Shear  Banding  in  Elastic  Visco¬ 
plastic  Materials,  17th  Int  Cong,  of  Theoretical  and  AppL  Mechs.. 
Grenoble,  France,  August  1988. 

2.  R.  C.  Batra,  A  Mathematical  Model  of  Adiabatic  Shear  Banding,  Int. 
Conf.  on  Math.  Modelling  in  Science  and  Technology.  Madras,  India, 
August  1988. 

3.  R.  C  Batra  and  C.  H.  Kim,  Effect  of  Material  Characteristic  Length  on 
the  Initiation,  Growth,  and  Band  Width  of  Adiabatic  Shear  Bands  in 
Dipolar  Materials,  2nd  Int.  Conf.  on  Mechanical  and  Physical  Behavior 
of  Materials  Under  Dynamic  Loading.  Ajaccio,  France,  September 

1988. 

4.  Adiabatic  Shear  Banding  in  Viscoplastic  Materials,  Seminar.  University 
of  Missouri-Rolla.  October  1988. 

5.  R.  C.  Batr^  Dynamic  Adiabatic  Shear  Band  Development  in  Viscoplas¬ 
tic  Materials,  Federal  University  of  Rio  de  Janeiro.  Instituto  de 
Matematica.  Seminar,  Rio  de  Janeiro,  Brazil,  Jan.  1989. 

6.  R.  C.  Batra,  Effect  of  Nominal  Strain  Rates  on  Adiabatic  Shear 
Banding  in  Dipolar  Materials,  Pan  American  Congress  of  Applied 
Mechanics.  Rio  dc  Janeiro,  Brazil,  Jan.  1989. 

7.  R.  C,  Batra,  Adiabatic  Shear  Banding  in  Viscoplastic  Materials,  Plastic¬ 
ity  Minisymposium^lnstitute  of  Mathematics  and  Its  Applications.  Univ. 
of  Minnesota,  Feb,  1989.  . 

8.  R.  C.  Batra  and  De-Shin  Liu,  Shear  Band  Development  in  Dynamic 
Plane  Strain  Compression  of  a  Viscoplastic  Material,  U.  S.^  Army 
Symposium  on  Solid  Mechanics.  Newport.  RI.  May  16-18,  1989. 

9.  R.  C.  Batra  and  Chang-Ho  Kim,  Effect  of  Constitutive  Modelling  on  ih^ 
Dynamic  Development  of  Shear  Bands  in  Viscoplastic  Materials,  U. 
S.  Army  Conference  on  Applied  Mathematics  ano  Computing.  West 
Point,  NY,  June  6-9, 1989. 

10.  R.  C.  Batra,  Shear  Band  Development  in  Viscoplasiic  Materials. 
Seminar,  National  Chung-Hsing  Lniversitv.  Taichung,  Taiwan,  Julv, 

1989. 

11.  R.  C.  Batra  and  De-Shin  Liu,  Dynamic  Shear  Band  Development  in 
Thermally  Softening  v^iscoplastic"  Materials,  2nd  International  Sympo¬ 
sium  on  Plasticity.  Mic  University,  Tsu,  Japan,  July  31  -  Aug.  4,  1989. 

12.  R.  C.  Batra  and  De-Shin  Liu,  Adi'^batic  Shear  Band  Development  in 
Simple  Shearing  Deformations  of  a  Viscoplasiic  Material,  21st 
Midwestern  Mechanics  Conference.  Michigan  Technological  Univ., 
Houghton,  Aug.  13-16, 1989. 


13.  R.  C.  Batra,  Effect  of  Inertia  Forces  on  the  Initiation  and  Growth  of 
Shear  Bands  in  Viscopiastic  Materials,  26th  Annual  Technical  Meeting 
of  the  Society  of  En^.  Science.  University  of  Michigan,  Ann  Arbor, 
Sept.  18-20, 1989. 

14.  R.  C.  Batra  and  De-Shin  Liu,  Adiabatic  Shear  Banding  in  Plane  Strain 
Problems,  ASME  1989  Winter  Annual  Meeting.  San  Francisco,  Dec. 
10-15, 1989. 

15.  R.  C.  Batra,  Effect  of  Viscopiastic  Flow  Rules  on  the  Initiation  and 
Growth  of  Shear  Bands  at  Hi^  Strain  Rates,  ASME  1989  Winter 
Annual  Meeting.  San  Francisco,  Dec.  10-15, 1989. 

16.  R.  C.  Batra,  Adiabatic  Shear  Banding  in  Simple  and  Dipolar  Viscopias¬ 
tic  Materials,  Seminar,  University  of  Pittsburgh.  March  1990. 

17.  R.  C.  Batra,  Adiabatic  Shear  Banding  in  Simple  and  Dipolar  Viscopias¬ 
tic  Materials,  Seminar,  Dublin  College.  Ireland,  May  1990. 

18.  Z.  G.  Zhu  and  R.  C.  Batra,  Dynamic  Shear  Band  Development  in  Plane 
Strain  Compression  of  a  Viscopiastic  Body  Containing  a  Rigid  Inclu¬ 
sion,  XI U.  S.  Nat'l  Cong.  Appl.  Mechs..  The  Univ,  of  Arizona,  Tucson, 
May  1990. 

19.  R.  C.  Batra,  Z.  G,  Zhu  and  Xiane-Tong  21hang,  Shear  Band  Develop¬ 
ment  in  D^mamic  Plane  Strain  Problems,  8th  Army  Conference  on 
Appl.  Math,  and  Computing.  Cornell  Univ.,  Ithaca,  June  1990. 

20.  .  R.  C.  Batra  and  C.  H.  Kim,  Analysis  of  Adiabatic  Shear  Bands  in 

Twelve  Metals,  27th  Annual  Meeting  of  the  Society  of  Engineering 
Science.  Santa  Fe,  NM,  October  21-24, 1990. 

21.  Z.  G.  Zhu  and  R.  C.  Batra,  Analysis  of  Shear  Banding  in  Plane  Strain 
Compression  of  a  Bimetallic  Thermally  Softening  Viscopiastic  Body 
Containing  an  Elliptical  Void,  ASME  Winter  Annual  Meeting. 
November  1990. 

22.  R.  C.  Batra  and  C.  H.  Kim,  Analysis  of  Shear  Banding  in  Twelve 
Materials,  9th  Army  Conference  on  Applied  Math,  and  Computing. 
Minneapolis,  June  1991. 


DISSERTATIONS  COMPLETED 
Ph.D.,  1989,  De-Shin  Liu 

Dynamic  Adiabatic  Shear  Band  Development  in  Plane  Strain  Deformations  of 
a  Viscopiastic  Material 

Ph.D.,  1989,  Chang-Ho  Kim 

Shear  Strain  Localization  in  Elastic-Viscoplastic  Materials 


7. 


PARTICIPATING  SCIENTIHC  PERSONNEL 


Romesh  C.  Batra 
Zhen-Guo  Zhu 
Chang-Ho  Kim 
De-Shin  Liu 
Yinhe  Cao 
Kwang-Ii  Ko 
Jungsun  Hwang 


8.  BIBLIOGR.\PHY 

1.  H,  C  Rogers,  Ann.  Rev,  Mat.  Sci.,  9, 283  (1979). 

2.  G.  L,  Moss  in  Shock  Waves  and  High  Strain-Rate  Phenomena  in  Metals,  M.  A. 
Meyers  and  L.  E.  Murr,  eds.,  Plenum  Press,  New  York,  pp,  299-312  (1981). 

3.  C.  Zener  ard  J,  H.  HoUomon,  J.  Appl.  Phys.  15, 22  ( 1944). 

4.  W.  Johnson,  Int.  J.  Mech.  Sci.,  22, 301  (1987). 

5.  H.  Tresca,  Proc.  Inst.  Mech.  Engr.,  IQ,  301-330  (1878). 

6.  H.  F.  Massey,  Proc.  Manchester  Assoc.  Engrs.,  21-26  (1921). 

7.  A.  Marchand  -md  J.  Duffy,  J.  Mechs.  Phys.  Solids,  26, 251  (1988). 

8.  J.  H.  Giovancvia,  Mechs.  Materials,  2, 59  (1988). 

9.  A.  Marchand,  K-  Cho,  and  J.  Duffy,  The  Formations  of  Adiabatic  Shear  Bands 
in  an  AISI 1018  CRS,  Brown  Univ.  Report  (1988). 

10.  R.  F.  Recht,  J.  Appl.  Mech.  21  189  ( 1964). 

11.  S.  R.  Bodner  and  Y.  Partom,  J.  Appl.  Mech.,  42. 385  (1975). 

12.  J.  Litonski,  Bulletin  de  TAcaddmie  Poloinaise  des  Sciences,  25, 7  (1977). 

13.  G.  R.  Johnson  and  W.  H.  Cook,  Proc.  7th  Int.  Symp.  Ballistics,  The  Hague,  The 
Netherlands,  p.l. 

14.  T.  G.  Shawki  and  R.  J,  Clifton,  Mechs.  Materials,  S,  13  (1989). 

15.  T.  W.  Wright  and  R.  C.  Batra,  Proc.  lUTAM  Symp.  on  Macro-  and  Micro- 
Mechanics  of  High  Velocity  Deformation  and  Fracture,  K.  Kawata  and  J. 
Shioiri,  eds.,  Springer-Verlag,  New  York,  1987,  pp.  189-201. 

16.  R.  C.  Batra  and  C.  H.  Kim,  J.  Mechs.  Phys.  Solids,  38,  859  ( 1990). 

17.  R.  C.  Batra  and  C.  H.  Kim,  Int.  J.  Engng.  Sci.,  29,  949  ( 1991). 

18.  B.  Dodd  and  Y.  Bai,  Mat.  Sci.  Tech.  1, 38  ( 1985). 

19.  R.  C.  Batra,  Unpublished  work.  (For  wave  speeds,  see  R.  C.  Batra  and  C.  H. 
Kim,  Int.  J.  Plasticity,  6,  127  (1990)). 

20.  C.  H.  Kim  and  R.  C.  Batra,  Effect  of  Initial  Temperature  on  the  Initiation  and 
Growth  of  Shear  Bands  in  a  Plain  Carbon  Steel,^  Int.  J.  Nonlinear  Mechs.  (in 
press). 

21.  R.  C.  Batra  and  C.  H.  Kim,  Analysis  of  Shear  Banding  in  Twelve  Materials,  Int. 
J.  Plasticity  (in  press). 

22.  G.  R.  Johnson,  J.  M.  Hoegfeldt,  U.  S.  Lindhoim,  and  A.  Nasv.-  J.  Ensr.  .Mat. 
Tech.,  m  42  (1983). 


♦ 


23.  R.  C  Batra  and  C.  H,  Kim,  J.  Physique,  i9  (C3),  41  (1988). 

24.  R.  C.  Batra  and  De-Shin  Liu,  J.  Appl.  Mechs.,  527  (1989);  Int.  J.  Plasticity, 

6, 231  (1990). 

25.  Z.  G.  Zhu  and  R.  C.  Batra,  Acta  Mechanica,  84, 89  (1990). 

26.  R.  C.  Batra  and  Z.  G.  Zhu,  Int.  J.  Solids  Structures,  27, 1829  (1991). 

R.  C.  Batra  and  X.-T.  Zhang,  Acta  Mechanica,  22, 221  (1990). 


27. 


9.  APPENDIX 


A  Copy  of  each  of  the  following  ten  papers  is  included. 

1.  R.  C.  Batra  and  De-Shin  Liu,  ’’Adiabatic  Shear  Banding  in  Plane  Strain 
Problems",  ASME  J.  AppL  Mechs..  56, 527-534, 1989. 

2.  R.  C.  Batra  and  C.  H.  Kim,  "Adiabatic  Shear  Banding  in  Elastic-Viscoplastic 
Nonpolar  and  Dipolar  Materials",  Int.  J.  Plasticity.  6, 127-141, 1990. 

3.  R.  C.  Batra  and  De-Shin  Liu,  "Adiabatic  Shear  Banding  in  Dynamic  Plane 
Strain  Compression  of  a  Viscoplastic  Material",  Int.  J.  Plastici^.  6,  231-246, 

1990. 

4.  Z.  G.  Zhu  and  R.  C.  Batra,  Shear  Band  Development  in  a  Thermally  Softening 
Viscoplastic  Body,  Computers  &  Structures.  39,  459-472,  1991. 

5.  R.  C.  Batra  and  C.  H.  Kim,  "An  Adaptive  Mesh  Refinement  Technique  for  the 
Analysis  of  Adiabatic  Shear  Banding",  Mechs.  Research  Communications.  17. 
81-91, 1990. 

6.  R.  C.  Batra  and  C.  H.  Kim,  "Effect  of  Viscoplastic  Flow  Rules  on  the  Initiation 
and  Growth  of  Shear  Bands  at  High  Strain  Rates",  J.  Mechs.  Phvs.  Solids.  38, 
859-874, 1990. 

7.  Z.  G.  Zhu  and  R.  C.  Batra,  "Dynamic  Shear  Band  Development  in  Plane  Strain 
Compression  of  a  Viscoplastic  Body  Containing  a  Rigid  Inclusion",  Acta 
Mechanica.  84,  89-107, 1990. 

8.  R.  C.  Batra  and  X.-T.  Zhang,  "Shear  Band  Development  in  Dynamic  Loading 
of  a  Viscoplastic  Cylinder  Containing  Two  Voids",  Acta  Mechanica.  85, 
221-234,  1990. 

9.  R.  C.  Batra  and  Z.  G.  Zhu,  "Dynamic  Shear  Band  Development  in  a  Thermally 
Softening  Bimetallic  Bodv  Containing  Two  Voids",  Acta  Mechanica.  86,  31-52, 

1991. 

10.  R.  C.  Batra  and  C.  H.  Kim,  "Effect  of  Thermal  Conductivity  on  the  Initiation. 
Growth,  and  Band  Width  of  Adiabatic  Shear  Bands",  Int.  J.  Engng.  Sci..  29. 
949-960,  1991. 


THEAMERICAN  SOaETYWkUHIMUAL^ENQINEER 
345  E.  47  St,  NMftYbik;  WfY^.IQOir 


89-W/V/APM^16 


The  Society  shell  not  be  responsible  for  strteiweme  or  opinions  aOvenced  m  papers  or  tn  dis¬ 
cussion  et  meetlnps  of  the  Society  or  of  its  OMelons  or  Sections,  or  pnnted  in  its  publications 
Discussion  IS  printed  only  if  the  paper  is  published  in  an  ASME  Journal  Papers  are  available 
^  from  ASME  lor  iilteen  months  after  the  meetlnp. 

Pnnted  in  USA. 


Lu 


R.  C.  Batra 

Mem  ASME 

Oe-Shin  Liu 

Department  ot  Mechanical  and  Aerospace 
Engineering  and  Engineering  Mechanics. 

University  of  Missouri*fiolla. 
Rolla  Mo  55401-0249 


Adiabatic  Shear  Banding  in  Plane 
Strain  Problems 

Plane  strain  thermomechanical  deformations  of  a  uiscoplasiic  body  are  studied  '^'ith 
the  objective  of  analyzing  the  localization  of  deformation  into  narrow  bands  oj  in¬ 
tense  straining.  Two  different  loadings,  namely,  the  top  and  bottom  surfaces  sub¬ 
jected  to  a  prescribed  tangential  velocity,  and  these  two  surfaces  subjected  to  a 
preassigned  normal  velocity,  are  considered.  In  each  case  a  material  defect,  flaw,  or 
inhomogeneity  is  modeled  by  introducins  a  temperature  bump  at  the  center  of  .he 
specimen.  The  solution  of  the  initial  boundary  value  problem  bv  the  Galerkin- 
Adams  method  reveals  that  the  deformation  eventually  localizes  into  a  narrow  band 
aligned  along  the  direction  oj  the  maximum  shearing  strain  For  both 
problems,  bands  of  intense  shearing  appear  to  diffuse  oui  from  the  center  of  me 
specimen. 


1  Introduction 

Adiabatic  shear  banding  is  the  name  given  to  a  localizauon 
phenomenon  that  occurs  dunng  high^rate  plastic  deformation 
such  as  machining,  explosive  formmg,  shock-impact  loading, 
bailisuc  penetrauon,  fragmentation,  ore  crushing,  impaa 
tooling  faiJure,  and  metal  shaping  and  forming  processes.  The 
localization  of  the  deformauon  has  been  observed  in  steels, 
nonferrous  metals,  and  polymers.  Pracucal  interest  in  the 
phenomenon  derives  from  the  faa  that  progressive  shearing 
on  an  intense  shear  band  provides  an  undesirable  mode  of 
material  resistance  to  imposed  deformations,  and  the  bands 
are  often  precursors  to  shear  fractures.  Of  the  many  processes 
just  stated  in  which  adiabatic  shear  bands  have  been  found  to 
occur,  flat  sheet  rolling  and  certain  forging  operations  can  be 
modeled  as  plane  strain  operations. 

Since  the  time  Zener  and  Hollomon  0944)  recognized  the 
destabilizing  effect  of  thermal  softening  in  reducing  the  slope 
of  the  stress-strain  curve  in  nearly  adiabatic  deformations, 
there  have  been  numerous  stuaies  aimed  at  delineating 
material  parameters  that  enhance  or  retard  the  imtiation  and 
growth  of  adiabatic  shear  bands.  Most  of  the  effon  has  been 
concentrated  in  anaiszing  the  simple  shearing  problem.  Clif¬ 
ton  0980)  and  Bai  0981)  studied  the  growth  of  infinitesimal 
penodic  perturbations  superimposed  on  a  oody  deformed  bv  a 
finiie  amount  in  simple  shear.  Burns  0985)  used  a  dual 
asymptotic  expansion  to  account  for  the  time  dependence  of 
the  homogeneous  solution  in  the  analysis  of  the  growth  of 
superimposed  periodic  perturbations.  Merzer  0  982)  used  the 
constitutive  relation  proposed  by  Bodner  and  Panom  il9'’5) 
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to  Study  the  problem  of  twisting  of  a  thin  tubular  specimen 
having  a  notch  in  its  periphery.  He  concluded  that  the  band 
width  depends  upon  the  thermal  conductivity  Wu  and  Freund 
(1984)  used  a  different  material  model  and  studied  wave  pro¬ 
pagation  in  in  infimte  medium.  They  concluded  that  the  ther¬ 
mal  conduct’.viiy  has  essentially  no  effect  on  the  width  of  a 
shear  band.  Other  Aorks  analyzing  the  initiation  and  growth 
of  adiabatic  shear  bands  include  those  due  to  Clifton  et  ai 
(1984),  Wright  ana  Batra  il985),  Wright  and  Waiter  (198'’), 
Batra  (1987),  and  Batra  and  Kim.  il989).  Rogers  il9"’9.  1983) 
and  Timothv  1 198“)  have  reviewed  various  aspects  of  aaiaoatic 
ihear  banding,  especially  from  a  materials  point  ot  .lew 

E.xperimental  studies  dealing  with  adiabatic  .hear  oanding 
include  those  of  Zener  and  Hollomon  (1944),  Moss  (1981). 
Costin  et  al.  1 1979).  Linaholm  and  Johnson  ( 1983),  ana  .Mar- 
chand  and  Duffv  .1988)  Marchand  and  Duffy  have  given  a 
detailed  hisiorv  of  the  temperature  and  strain  fields  Aitnin  a 
oand. 

Needleman  (1989)  has  recentlv  studied  'he  tniiianon  and 
growth  af  snear  pands  .n  plane  'tram  deformations  at 
-iscopiasiic  materials  He  studied  a  purelv  mechanical 
proolem  and  approximated  the  etfect  ot  'hermai  sortening  cv 
assuming  that  the  stress-siram  .urve  nas  a  peak  n  ,i  He 
modeled  a  material  inhomogeneitv  bv  assuming  tnat  me  'low 
Stress  for  a  small  amount  of  material  near  he  .enter  at  'ne 
olock  Aas  less  than  that  of  the  surrounding  material  'A  e  stua- 
Herein  the  ihermomechanical  plane  strain  deformations  at  a 
■hermally  softening  -iscoplastic  solid  and  model  the  material 
inhomogeneity  by  introducing  a  temperature  bump  at  'ne 
center  of  the  block.  The  block  boundaries  are  assumed  to  ce 
perfectly  insulated.  Two  different  deiormation  states,  nameiv , 
that  of  a  simple  shearing  of  the  block,  and  the  blocK  deformed 
in  simple  compression  are  analyzed.  In  each  case  a  shear  oand 
develops  along  the  direction  of  'naximum  shearing  .tram 
Vi'hereas  the  deformation  localizes  at  an  average  compressive 
strain  of  0.059  when  the  block  is  detormed  in  compression.  ,he 
average  shear  strain  equals  0.22"  when  the  block  'S  ae- 
rnrmed  m  simnie  -hear. 


2  Formulation  of  the  Problem 

Wc  use  a  fixed  set  of  rectangular  Cartesian  coordinate  axes 
to  describe  the  thermomechanical  deformations  of  the  body. 
In  terms  of  the  referential  description  the  governing  equations 
are 


(1) 

Pot’r  = 

(2) 

(3) 

and  a  suitable  set  of  initial  and  boundary  conditions.  Equation 
(1)  expresses  the  balance  of  mass,  (2)  the  balance  of  linear 
momentum,  and  (3)  the  balance  of  internal  energy.  In  these 
equations,  p  is  the  current  mass  density,  Po  the  mass  density  m 
the  reference  configuration,  J  is  the  determinant  of  the  defor¬ 
mation  gradient,  the  veioaty  of  a  matenal  particle  in  the  x, 
direction,  the  heat  flux,  e  the  specific  internal  energy,  7,, 
the  first  Piola-Kirchoff  stress  tensor,  a  superimposed  dot 
stands  for  the  material  time  derivative,  and  a  comma  followed 
by  an  index  a{j)  implies  panial  differentiation  with  respect  to 
IX,).  Also  X  denotes  the  present  position  of  a  material  parti¬ 
cle  that  occupied  the  place  X  in  the  reference  configuration, 
and  a  repeated  index  implies  summation  over  the  range  of  the 
index.  For  plane  strain  deformations,  X3  =  A'j  and  the  indices  / 


and  a  take  on  values  1  and  2. 

For  the  constitutive  relations  we  take 

(7=  -p(p)l-2pD,  (4) 

^  n  -  1  W) - .  2JD,  -  u, ,  4.  ,  (5) 

7  =  D«D — l-(lrD)l,  (6) 

p(p)  =  s(— -1),  (7) 

e  =  c(?  +  pp<p)/(ppo).  (9) 


Here,  jq  ‘s  the  yield  stress  in  simple  tension  or  compression,  v 
IS  the  coefficient  of  thermal  softening,  parameters  b  and  m 
represent  the  strain  rate  sensitivity  of  the  material,  B  may  be 
thought  of  as  the  bulk  modulus,  k  is  the  thermal  conduciivuy, 
and  c  the  specific  heat.  Equation  (7)  is  a  pan  of  the  Tillotson 
tl962)  equation  vv  herein  the  dependence  of  the  pressure  upon 
the  changes  in  'emperaiurc  has  not  oeen  considered,  and  equa¬ 
tion  (8)  is  the  Fourier  law  of  heat  conduction. 

Defining  s  as 

i  =  a-  [p — I.  (10) 

=  2pD.  (II) 

equations  (4)  and  (5)  give 

(_Ltrs-)  (12) 

-  '  'w  3 

'A men  can  be  viewed  as  a  generalized  von  Mises  yield  surface 
when  the  flow  stress  (given  oy  tne  ngnt-hand  side  of  (12))  at  a 
material  panicle  depends  upon  us  strain  rate  and  temperature. 
The  linear  dependence  of  the  How  stress  upon  the  temperature 
cnange  has  oeen  observed  by  Beil  (1968),  Lmdhoim  and 
Jonnson  <1983),  and  Lin  and  Wagoner  (1986).  .n  constitutive 
relation  similar  to  equation  <4)  has  oeen  used  by  ZienKiew-icz  et 


al.  (1981)  in  analyzing  the  extrusion  problem,  by  Batra  (1988) 
in  studying  the  steady-state  penetration  of  a  viscoplastic  target 
by  a  rigid  cylindrical  penetrator,  and  by  Batra  and  Lin  (1989) 
in  studying  the  steady-state  axisymmetnc  deformations  of  a 
cylindneal  viscoplasnc  rod  upset  at  the  bottom  of  a 
hemispherical  rigid  cavity.  Equation  (4)  may  be  interpreted  as 
a  constitutive  relation  for  a  non-Newtonian  fiuid  whose 
viscosity  p  depends  upon  the  strain  rate  and  temperature 
We  introduce  nondimensional  variables  as  follows’ 

a=£r/(To,  p  =  /7/ao,s  =  s/<ro,'  =v/i-„.  H,  t  =  T/ao, 

x  =  x/H,  8^6/60.  h  =  =  X  =  X///, 

/j 

6  =  PqUS/Oq,  ^  =  k/{pQCVQH),  8^  =  0^  (poO.  B-B/a^.  (13) 

Here,  2H  is  the  height  of  the  block,  Tq  the  imposed  velocity 
on  the  top  and  bottom  surfaces,  and  is  the  mass  density  in 
the  unstressed  reference  configuration.  Substituting  from 
equations  (4)  through  (9)  into  the  balance  laws  (1)  through  (3), 
rewming  these  in  terms  of  nondimensional  variables,  denoting 
the  partial  differentiation  with  respect  to  x  (.VJ  by  a  comma 
followed  by  an  index  /(a),  matenal  differentiation  with  respect 
to  r  by  a  superimposed  doi^  and  dropping  the  mperimposed 


bars,  wc  arrive  at  the  following  set  of  equations 

p-py,  ^=0  (14) 

=  r^,.  (15) 

-b/)'"(l-;'0)D.  (17) 

v3/ 


I*.  IS  simpler  to  state  boundary  conditions  for  the  specific 
pi''blem  studied.  We  analyze  plane  strain  thcrmomechanical 
defoaianons  of  an  iniiially-square  block  of  dimension 
IHylH.  The  A",  -  A;  plane,  with  the  origin  of  the  coordinate 
system  located  at  the  center  of  the  block,  is  taken  as  the  plane 
of  deformation.  For  the  simple  shearing  problem  the  boun¬ 
dary  conditions  are  taken  to  be 

y,  =  ±fii),  y,  =0,  (2^.V,  =0a[  A;  =  a://.  (18) 

n,  =  0,  e,  =  /i  ( n .  Q,  S  ,  =  0  at  A.  =  =  //,  1 !  9) 

where  n  is  a  unit  outwara  normal  ana  e  is  a  unit  vector  tangent 
to  the  surface  in  the  present  configuration  and  N  is  a  unit  out¬ 
ward  normal  in  the  reference  configuration.  Equations  tl8) 
and  (19)  imply  that  the  boundaries  ot  the  block  are  perfectiv 
insulated,  the  top  and  Doiiom  faces  are  olacea  n  a  nara 
loading  device  and  are  suojected  to  a  i^nown  veiocuv  neid  On 
the  other  two  faces  of  the  olocK,  zero  normal  tractions  are 
assigned  ana  the  tangential  tractions  are  such  as  to  equilibrate 
the  ones  acting  on  the  top  and  bottom  faces  For  a  known 
function  /,  the  values  of  h  depend  uoon  the  constitutive  rela¬ 
tion  for  the  material  of  the  olock,  ana  hence,  are  not  known  a 
prion.  As  discussed  in  Section  3.  we  solve  the  resulting  system 
of  equations  iteratively  and  find  /i  as  a  pan  of  the  solution  of 
the  problem. 

For  the  simple  compression  proolem,  we  restrict  ourselves 
to  the  deformations  that  remain  symmetric  aoout  oocn  X  =  0 
and  A2=0.  The  boundary'  conditions  ror  tne  quadrant  ana¬ 
lyzed  numerically  are 

t.  =0.  7;;  =0.  Q.{Ku),  =0.  at.t,  =  A,  =0.  -,20) 

t’;  =0,  7;  =0,  Q:  =0.5t  r-  =A;  =0. 

-  =  6-(r).  e  =0.  Q,.\,  =0.  at  A-  =  H 


03) 


That  is  boundary  conditions  resulting  from  the  assumed  sym¬ 
metry  of  deformations  are  applied  to  the  left  and  bottom 
faces,  the  right  face  of  the  block  is  taken  to  be  traction  free, 
and  a  prescribed  normal  velocity  field  and  zero  tangential  trac¬ 
tions  are  applied  on  the  top  face.  All  four  sides  of  the  block 
are  assumed  to  be  perfectly  insulated. 

In  each  of  the  two  problems,  a  material  .nhomogeneity  or 
flaw  is  modeled  by  adding  a  temperature  bump  at  the  center  of 
the  block  to  the  temperature  field  that  corresponds  to  a 
homogeneous  deformation  of  the  block. 

3  Finite  Element  Formulation  of  the  Problem 

In  order  to  avoid  having  to  deal  with  a  severely  distorted 
finite  element  mesh  within  the  region  of  localization  of  the 
deformation,  we  employ  an  updated  Lagrangian  formulation. 
Thus  to  find  the  deformed  shape  of  the  body  at  time  t  +  we 
take  the  configuration  at  time  t  as  the  reference  configuration, 
and  denote  the  region  occupied  by  the  body  at  time  t  by  fi.  At 
subsequent  times  the  current  locations  of  the  nodes  are  com¬ 
puted  and  0  equals  the  union  of  the  9-noded  quadrilateral 
elements  obtained  by  joining  these  nodes.  No  attempt  was 
made  to  ensure  that  when  the  deformation  localizes,  the  ele¬ 
ment  sides  will  be  aligned  along  the  direction  of  the  maximum 
shearing  strain  (cf.,  Needleman,  1989).  However,  for  the  sim¬ 
ple  sheanng  problem,  the  element  sides  are  so  aligned  at  the 
initiation  of  the  localization  of  the  deformation. 

We  first  rewrite  equations  (14)-(16)  so  that  terms  involving 
the  partial  denvauve  with  respect  to  time  t  only  are  on  the  left- 
hand  side  and  then  use  the  Oalerkin  method  and  the  lumped 
mass  matrix  (e.g.,  sec  Hughes  (1987))  to  derive  the  following 
semi- discrete  formulation  of  the  problem, 

d- F(d,  5, /9,h, /«,»').  (24) 

Here,  d  is  the  vector  of  nodal  values  of  the  mass  density,  two 
components  of  the  velocity,  and  the  temperature.  Thus  the 
total  number  of  unknowns  or  the  number  of  components  of  d 
equals  four  times  the  number  of  nodes.  The  vector-valued 
funcuon  F  on  the  nght-hand  side  of  equation  (24)  is  a 
nonlinear  funaion  of  d  and  of  the  matenal  parameters  5,  b, 
nty  and  v.  For  a  given  set  of  imual  values  of  p,  v  and  d,  one  can 
deduce  the  imtial  conditions  on  d.  The  nonlinear  coupled  set 
of  ordinary  differential  equations  (24)  are  solved  by  using  the 
backward-difference  .Adams  method  included  in  the  IMSL 
subr^  -'e  LSODE.  During  the  solution  of  these  equations, 
the  r  ^  ntial  traction  on  the  current  position  of  the  faces 
X^~  as  determined  from  the  immediately  preceding  solu¬ 
tion,  IS  applied.  The  subroutine  LSODE  has  the  option  to  use 
the  modified  Gear  me.hod  appropnate  for  stiff  equations. 
This  could  not  be  used  because  of  the  limned  core  storage 
available  on  the  local  FPS164  processor  attached  to  IBM  4381 
computer.  For  the  Adams  method,  the  subrouune  LSODE  ad¬ 
justs  the  size  of  the  time  increment  adaptively  until  u  can  com¬ 
pute  a  solution  of  the  nonlinear  equations  (24)  to  the  prescrib¬ 
ed  accuracy. 

4  Computation  and  Discussion  of  Results 

We  look  the  following  values  of  various  material  and 
geomcinc  parameters  to  compute  numerical  results. 

b  =  10.000  sec,  =  0.0222*C  -  ‘ .  <7o  =  333MPa,  m  =  0.025 . 

'.22Wm-'*C'‘,c  =  473Jkg-‘*C-‘,Po  =  7,800kgm-\ 

5=  128GPa, //=  5mm,  i;o  =  25msec”  (25) 

For  these  choices,  nondimcnsionai  melting 

temperature  equals  0.5027,  and  the  overall  applied  strain  rate 
IS  5000  sec"  ‘  We  assigned  a  ratner  large  value  to  the  thermal 
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Rg.  1  («)  The  shepe  of  the  block  in  the  reference  configuration  and 
after  it  has  been  deformed  uniformly  in  simple  shear,  (b)  Stress-strain 
curve  in  simpler  shear,  and  (c)  Siress-stram  curve  m  simple 
compression 

softening  coefficient  v  to  reduce  the  CPU  time  required  to 
solve  the  problem. 

Figure  I  depicts  the  block  in  the  undeformed  reference  con¬ 
figuration  and  us  shape  after  it  has  been  deformed  uniformly 
in  simple  shear.  .Also  plotted  are  the  stress  strain  curves  for  the 
material  defined  by  parameters  (25)  when  the  block  is  de¬ 
formed  in  simple  shear  and  sunple  compression.  It  is  obvious 
that  the  softening  caused  by  the  heating  of  the  matenal  ex¬ 
ceeds  the  hardening  due  to  strain  rate  effects  nght  from  the 
begmmng.  This  is  due  to  the  rather  high  '  alue  of  the  thermal 
softening  coefficient  assumed  for  the  matenal  of  the  block. 
Once  the  deformation  begins  to  localize,  equauons  (24) 
become  stiff  and  the  maximum  size  of  the  time  step  one  can 
use  and  still  integrate  these  equations  to  the  desired  degree  of 
accuracy  becomes  extremely  small.  Ideally,;  one  should  then 
use  the  Gear  method.  But,  as  stated  previously,  we  could  not 
do  so  because  of  the  limited  core  storage  available  The  results 
presented  and  discussed  next  are  up  to  the  moment  when  the 
deformation  has  localized  into  a  narrow  band.  Results  com¬ 
puted  earlier  for  the  one-dimensional  problem  (Batra  (1987), 
Batra  and  Kim  (1989),  and  Wnghi  and  Walter  (1987))  suggest 
that  the  presently  computed  results  represent  essentially  all  of 
the  salient  features  of  the  localization  of  the  deformation.  We 
first  discuss  results  for  the  simple  sheanng  proolem.  and  then 
the  compression  problem. 

(a)  Results  for  the  Simple  Shearing  Problem.  The  square 
region  in  the  configuration  at  time  r  =  0  is  divided  into  16  i6 
uniform  9-noded  square  elements.  The  velocitv  field 

ui  =  t;,  y-  =0  (26) 

that  corresponds  to  steady  shearing  of  the  block,  and  the 
temperature  field 

$  =  0  (27) 

are  taken  as  the  initial  conditions  at  time  /  =  0,  and  for  the 
boundary  conditions  we  take 

/(O  =  l-0, />0. 

Tlius,  the  effect  of  initial  transients  is  assumed  to  nave  died 
out.  This  reduces  the  computational  effort  required  without 
altering  noticeably  the  computed  results  Suosequent  .aicuia- 
tions  with  zero-inuiai  conditions  for  l,,  i;,  ana  have  given 
essentially  similar  results. 


Ai  time  /  =  0,  a  temperature  bump  given  by 

=  0.:(  1  -  /^)’exp(  -  5r),  r  =  .Vf  ^  X^:  (28) 

was  introduced  and  the  resulting  initial  boundary  value 
problem  solved.  The  temperature  bump  (28)  simulates  a 
material  inhomogeneity  or  defect:  the  height  of  the  bump 
represents,  in  some  sense,  the  strength  of  the  singularity. 
Without  the  temperature  bump  or  some  other  mechanism  to 
make  the  deformation  nonhomogeneous,  the  block  will 
undergo  unlimited  simple  shearing  deformations  and  no 
localization  of  the  deformation  will  occur.  We  note  that  other 
ways  to  model  an  initial  imperfection  in  the  body  include  hav¬ 
ing  a  notch  (Clifton  et  al.,  1984)  and  a  small  region  wuh  a 
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slightly  lower  value  of  the  yield  stress  (Needleman,  1989).  For 
strain  hardening  materials  the  introduction  of  a  temperature 
bump,  a  notch  or  a  softer  region  does  not,,  in  general,  lead  to 
the  localization  of  the  deformation  The  average  strain  at 
which  a  shear  band  forms  depends  upon,  among  other  factors, 
the  amplitude  and  shape  of  the  temperature  bumo 

Figure  2  shows  isotherms  in  the  reference  conliguration  of 
the  block  at  four  different  values  of  the  average  strain  In¬ 
itially,  these  isotherms  look  elliptical  because  of  the  different 
choice  of  scales  along  the  horizontal  and  vertical  axes.  The 
temperature  bump  is  symmetrical  in  x>  and  .V;  A  reason  for 
selecting  different  scales  along  the  two  ajxes  is  that  the 
isotherms  eventually  flaten  out  and  spread  to  the  vertical 
boundaries  of  the  block.  Thus,  larger  scale  is  chosen  along  the 
vertical  axis  to  decipher  these  isotherms.  The  initial 
temperature  equals  0,20  only  at  the  origin.  At  an  average 
strain  of  13  percent,  the  isotherms  have  changed  shape;  those 
for  a  lower  temperature  look  like  a  rhombus  and  the  ones  for 
the  higher  temperature  resemble  closed  polygons.  Because  of 
the  plastic  working  and  zero  heat  flux  boundary  conditions  the 
temperature  rises  everywhere.  The  heat  is  continuously  being 
conducted  outwards  from  the  central  hotter  region.  Near  the 
corners  of  the  block  deformation  is  nonhomogeneous  (e.g., 
see  Fig.  5)  and  the  temperature  rise  there  is  more  than  that  at 
other  points  except  possibly  near  the  center  of  the  block.  The 
nonhomogeneity  of  the  deformation  near  the  corners  is  a 
numencal  artifact  rather  than  due  to  the  physics  of  the 
problem.  The  use  of  a  very  fine  mesh  should  reduce  the  effect 
considerably,  but  a  mesh  finer  than  the  one  employed  here 
could  not  be  used  because  of  the  limited  core  storage 
available.  Once  the  deformation  begins  to  localize,  the 
temperature  rise  within  the  band  is  significantly  more  than 
what  It  is  elsewhere.  The  temperature  contours  at  average 
strains  of  20.8  percent,  21.5  percent,  and  22.7  percent  bear 
this  out.  At  an  average  strain  of  22.7  percent  the  maximum 
temperature  at  the  center  equals  92  percent  of  the  presumed 
melting  temperature  of  the  material.  The  isotherms  are  quite 
narrow  m  the  vertical  direction  and  progressively  become  nar¬ 
rower  as  the  deformation  localizes. 

Figure  3  depicts  the  y, -velocity  field  in  the  reference  con¬ 
figuration  of  the  block  at  average  strains  of  0  percent,  18  5 
percent,  20.8  percent,  and  22.7  percent.  Because  of  the  initial 
temperature  bump,  the  deformation  oecomes  nonhomo- 


Fig.  3  V«lo<r*ty  li«ld  In  th*  direction  of  shoanng  at  several  values  of  the 
average  strain;  le)  >*^=0-  ib)  7«o  =0.185,  (c)  7„o=0  208.  and  id) 
>,^=0.227 
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geneous.  This  nonumformity  becomes  perceptible  ai  an 
average  strain  of  18.5  percent  and  is  quite  noticeable  when  the 
average  strain  equals  20.8  percent  and  22,7  percent.  The 
nonhomogeneiiy  m  the  deformation  at  the  corners  is  not 
noticeable  in  these  plots  probably  because  of  the  scale  chosen 
to  plot  the  data.  The  y, -velocity  field  appears  to  stay  anti¬ 
symmetric  in  even  through  the  localization  of  the  deforma¬ 
tion.  M  an  average  strain  of  20.8  percent  the  shearing  strain 
rate  at  the  center  is  noticeably  higher  than  what  it  is  within  ihe 
region  Ijc^lsO.l.  During  the  ensuing  deformations  of  the 
block,  the  region  near  the  center  undergoes  intense  straining 
and  that  outside  of  the  domain  lx,  1  <0.1  deforms  at  a  strain 
rate  much  smaller  than  the  imposed  strain  rate  of  5000  sec  * ' 
With  a  finer  mesh  one  could  sharpen  a  bit  more  the  boun¬ 
daries  of  the  two  domains. 
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In  Fig.  4  we  have  plotted  the  contours  of  the  second  in- 
vanant  /  of  the  deviatoric  strain  rate  tensor  D  at  different 
stages  of  the  localization  process.  At  an  average  strain  of  18.5 
percent  the  peak  value  of  /  equals  3.47  and  it  equals  4,45  when 
the  average  strain  is  19.8  percent.  We  note  that  these  are  plot¬ 
ted  in  the  reference  configuration.  It  is  clear  that  during  the 
deformation  of  the  block  from  18,5  percent  average  strain  to 
19  8  percent  average  strain,  the  contour  of  /=  2.5  has  spread 
out  horizontally  and  become  narrower  m  the  vertical  direc¬ 
tion.  The  various  plots  u.  Fig.  4  give  the  impression  that  there 
IS  a  kind  of  source  term  for  /  at  the  center.  Once  the  deforma¬ 
tion  has  started  to  localize,  contours  of  successively  higher 
values  of  /  seem  to  originate  at  the  center  and  fan  out.  They 
spread  out  m  the  direction  of  shearing.  As  noted  earlier,  severe 
deformations  of  the  block  occur  now  m  this  narrow  region. 

Figure  5  depicts  the  distribuuon  of  the  effective  stress  5,, 
defined  as  being  equal  to  the  right-hand  side  of  equation  (12) 
within  the  block  at  average  strains  of  0  percent,  18.5  percent, 
20.8  percent,  and  22.7  percent.  Initially  tt  looks  like  an  in¬ 
verted  hat  because  every  material  point  is  assumed  to  lie  on  its 
yield  surface.  We  note  that  for  the  simple  shearing  problem 
being  studied,  a,,  is  the  only  component  of  stress  having 
significant  values.  Because  of  the  higher  temperature  at  points 
near  the  center,  the  flow  stress  there  is  reduced.  As  the  body 
continues  to  be  deformed,  the  stress  distribution  within  the 
block,  and  especially  m  the  region  surrounding  the  center  of 
the  block,  alters.  The  nonhomogeneity  of  the  deformation 
near  the  corners  is  now  evident.  The  temperature  rise  wnhin 
the  block  reduces  the  flow  stress  needed  to  deform  the 
material.  Consequently,  the  value  of  s,  drops  at  ail  points. 
Even  though  the  strain  rate  invariant  I  assumes  very  high 
values  at  points  within  the  region  of  localization,  the  softening 
caused  by  the  temperature  rise  exceeds  the  hardening  due  to 
strain  rate  effects  and  the  stress  drop  in  the  severely  deforming 
region  is  enormous.  For  very  high  rate  of  drop  of  r,,  an 
unloading  elastic  wave  emanates  outwards  from  the  shear 
band  (Batra  and  Kim,  1989).  No  such  unloading  wave  was 
observed  in  this  case.  It  could  be  due  to  the  coarseness  of  the 
mesh,  the  integration  scheme  used,  or  the  rate  of  the  drop  of 
j,  was  not  too  high. 

The  deformed  mesh  at  average  strain  of  22.7  percent  is 
shown  in  Fig.  6.  The  relatively  severe  deformations  within  the 
region  of  localization,  and  nonuniformity  of  deformations 
near  the  corners,  is  evident. 

5) 


Fi^.  5  Oistnbutlon  of  th«  slfactlv*  stress  within  th*  block  at  different 
value*  of  the  average  strain;  (a) -raw  =0,  (b)7ava  =  0,i 85.  =0.208, 

*nd(d)7„g=  0.227  y  v 
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Fig.  5  Otformtd  m«sh  at  an  avarag*  strain  of  0.227  (simpia  shaaring 
daformations  of  tha  block) 
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ibi  Results  for  (be  Compression  Problem.  Because  of 
;he  assumed  symmetr\’  of  :he  deformation  field,  the  deforma¬ 
tions  of  the  block  within  the  first  quadrant  are  analyzed. 
Several  trial  runs  Aithout  iniroaucing  any  temperature  pertur- 
oaiion  ;ielded  the  following  values  of  the  steady-state 
solution: 


u,  =0.37.Xi,  pj  == -^2 

for  an  average  applied  strain  rate  of  5000  sec” ' .  Subsequently 
this  velocity  field,  and  the  temperature  field  given  by  equation 
(28),  were  taken  as  the  initial  conditions  and  the  miiiai  boun¬ 
dary  value  problem  solved.  .A  closer  look  at  the  results  com¬ 
puted  by  Batra  (1987d,  1987b)  for  tne  onc-uimensionai  sample 
shearing  problem  reveals  mat  tnc  4itiai  state  where  the  pertur¬ 
bation  »s  introduced  .has  ^ery  little  effect,  .f  any,  on  the 
qualitative  nature  of  ihe  results.  Figure  depicts  the 


Fig.  S  velocity  fitid  within  the  block  at  difftrant  valuta  of  th*  sveraga 
compraaaiva  atftln;  (a)  7i^  » 0.  (b)  7,vg  =  0.045,  (c)  7,vg  * 0.059 


tcmperaiure  distribution  at  several  values  of  the  average  com¬ 
pressive  strain.  At  an  average  strain  of  3.5  percent  the 
isotherms  have  changed  in  shape  from  elliptic  to  rhombus  and 
the  peak  temperature  at  the  center  has  risen  from  0.20  to 
0.286.  Because  of  the  nonhomogeneous  deformations  near  the 
top  right  comer,  the  temperature  rise  there  is  more  than  that  at 
other  pomis  within  the  block  except,  of  course,  those  near  the 
center  which  are  undergoing  severe  deformations  -^s  the 
temperature  plots  at  average  compressive  strains  of  4  percent. 
4.5  percent,  5.5  percent,  and  5.9  percent  show  vivialv.  :he 
isotherms  spread  out  diagonally  mdicaiine  that  the  material 
around  the  mam  diagonal  is  deforming  severely  -M  these 
average  strains  the  peak  temperature  occurs  at  the  center  and 
equals  0.313,  0.353,  0.426,  and  0.449,  .'■especiiveiy  Thus,  the 
rate  of  temperature  nse  at  the  center  is  small  initially,  in- 
aeases  as  the  deformation  begins  to  localize,  and  tapers  off 
during  the  late  stages  of  the  localization  Even  tnougn  neat  is 
bcmg  conauaed  out  of  this  central  region  the  heat  produced 
due  to  the  plastic  dissipation  exceeds  tnat  lost  aue  to  conauc- 
uon.  Once  the  localization  process  .s  .nitiated.  'ne  neat 
generated  due  lo  plastic  working  becomes  quue  nign  and  the 
rate  of  temperature  rise  within  the  central  region  picks  ap 
However,  tne  stress  required  to  deform  me  .-naieriai  drops  and 
thus  reduces  the  energy  dissipated  due  to  plastic  A-orkmg  This 
and  the  heat  conducted  out  of  the  central  hotter  region  ex¬ 
plains  the  slow  rate  of  temperature  nse  during  me  late  stages 
of  the  localization  of  the  deformation. 

In  Fig.  8  we  have  plotted  the  u,-  ana  L--veiocu>  neias  at 
average  strains  of  0,  4.5  percent,  and  5  9  percent  Exceot  at 
points  around  the  diagonal  passing  througn  tne  top  rigni  cor¬ 
ner,  both  V,  and  os  vary  slowly  and  nearly  .inearK.  mereoy 
.mplying  ^hai  the  material  region  v^ithin  a  -narrow  zone  an 
Dotn  sizes  of  the  diagonal  line  .s  undergoing  -evere  aeforma- 
uons.  Figure  9  snows  me  contours  of  c.he  second  .iivariant  !  at 
the  deviatoric  strain  rate  tensor  at  average  compressive  'trains 
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of  0.012,  0.018,  0.025,  0.03,  0.035,  0.04,  0.055,  and  0.059.  As 
for  the  simple  shearing  problem,  the  maximum  value  of  /  oc¬ 
curs  at  points  near  the  center  of  the  block  and  these  contours 
seem  to  originate  at  the  center  and  spread  out  along  and 
perpendicular  to  the  direction  of  maximum  shearing  strain; 
their  speed  probably  depends  upon  the  mesh  size.  .Also,  the 
width  of  the  severely  deforming  region  depends  upon  the  mesh 
size,  loo. 

Figure  10  depicts  the  distribution  of  the  effective  stress  s,  at 
average  strains  of  0,  0.027,  0.045,  and  0.059.  Initially  the 
stress  IS  uniform  everywhere  except  in  a  narrow  region  near 
the  center  where  the  How  stress  has  been  reduced  due  to  the 
higher  value  of  the  temperature  at  these  points.  The  plot  at 
Yjv|=  0^027  reveals  that  the  flow  stress  has  dropped  every¬ 
where  due  to  the  rise  in  the  temperature  of  material  particles. 
Still,  the  effective  stress  is  uniformly  distributed  except  at 
points  near  the  center  of  the  block.  It  seems  that  the  localiza¬ 
tion  of  the  deformation  begins  in  earnest  at  =0.045.  -At 
7ivi  =0.059  the  material  region  around  the  main  diagonal  has 
severely  deformed.  The  deformed  mesh  for  =  0.059  is 
shown  in  Fig.  11.  That  the  band  has  formed  is  difficult  to 
visualize  from  the  deformed  mesh  shown.  Also,  the  mesh  is  in¬ 
capable  of  resolving  sharp  deformation  gradients  within  the 
localized  region. 

5  Discussion  and  Conclusions 

The  9-noded  quadnlateral  element  used  herein  seems  to 
have  performed  satisfactonly  as  far  as  the  initiation  and  some 
growth  of  the  adiabatic  shear  band  is  concerned.  As  for  com¬ 
putations  with  one-dimensional  problems  (Batra,  1987a;  Batra 
and  Kim,  1989),  it  is  probably  due  to  the  coarseness  of  the 
mesh  that  sharp  gradients  of  the  deformation  within  the 
region  of  localization  could  not  be  completely  resolved.  This  is 
also  supponed  by  the  recent  work  of  Shuttle  and  Smith  (1988) 
on  the  numerical  sunulauon  of  shear  band  formation  in  soils. 
Both  for  plane  strain,  simple  sheanng  deformations  of  the 
block  and  plane  stram  compression  of  the  block,  the  shear 
band  is  formed  along  the  direaion  of  maximum  shearing.  For 
the  compression  problem  the  shear  band  formed  at  an  average 
strain  of  0.059,  and  for  the  simple  sheanng  problem  it  formed 
when  the  average  strain  equaled  0.229.  The  results  computed 


Fig.  10  Oistributian  of  th«  «ttecUv«  striss  within  th«  block  at  different 
raluea  of  the  iverege  strain;  (a)  =  0.  (b)  7«w  =  0.027.  (c)  7™  =  0.C45, 

«nd  (d)  76^  =0.059 
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Fig.  11  Otformtd  mt«h  at  an  avaragt  comprataiva  attain  ol  0.059 


nerein  arc  in  qualitative  agreement  with  those  of  Needleman 
(1989).  Because  of  the  different  constitutive  assumptions 
made  and  the  difference  in  modeling  a  matenal  inhomogenei- 
ty,  It  IS  hard  to  make  any  quantitative  comparisons. 
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ADIABATIC  SHEAR  BANDING  IN  ELASTIC-VISCOPLASTIC 
NONPOLAR  AND  DIPOLAR  MATERIALS 


R.C.  Batra  and  C.H.  Kim 

University  ot  Missoun-Rolla 


Abstract -Simple  shearing  deformations  of  a  block  made  of  an  elastic-viscoplastic  material  are 
studied.  The  material  ot  the  block  is  presumed  to  exhibit  strain  hardening,  strain-rate  harden¬ 
ing  and  thermal  sottening.  The  effect  of  modeling  the  material  or  the  block  as  a  dipolar  mate¬ 
rial  in  which  the  strain  gradient  is  also  taken  as  an  independent  variable  has  oeen  investigated 
The  uniform  tields  ot  temperature  and  shear  stress  in  the  block  are  perturbed  bv  superimpos¬ 
ing  a  temperature  bump  at  the  center  ot  the  block,  and  the  resulting  initial-boundarv -value  prob¬ 
lem  IS  solved  bv  the  Galerkin-Gear  method.  It  is  tound  that  tor  simple  materials  as  the  shear  stress 
within  the  region  ot  localization  begins  to  collapse,  an  unloading  elastic  snear  vvave  emanates 
outwards  from  the  edges  of  the  shear  band.  For  dipolar  materials,  the  localization  of  the  deror- 
mation  is  considerably  delayed  as  compared  to  that  tor  nonpolar  materials,  the  shear  stress  does 
not  collapse  suddenly  but  decreases  gradually,  there  is  no  unloading  wave  traveling  outwards 
from  the  edges  ot  the  band,  and  the  region  ot  localized  deformation  is  wider  as  compared  to 
that  for  nonpolar  materials. 


I.  INTRODUCTIOlN 

Since  the  time  Zener  and  Houomon  [1944]  observed  32  ^m  wide  shear  bands  in  a  steel 
plate  punched  by  a  standard  die  and  estimated  the  maximum  strain  in  the  band  to  be 
100,  there  has  been  a  considerable  amount  of  research  done  in  understanding  factors  that 
intluence  the  initiation  and  growth  of  adiabatic  shear  bands.  Rogers  (1979,1983)  has 
vividly  summarized  in  his  review  anicles  the  work  done  on  adiabatic  shear  banding  until 
1982.  References  to  some  of  the  other  experimental,  analytical  and  numerical  studies 
may  be  found  in  Cufton  ei  al.  (1984)  and  Batra  (1987). 

Recently,  Marchand  and  Duffy  (1988)  have  given  a  detailed  hisiorv  of  the  temper¬ 
ature  and  strain  fields  within  a  band.  Their  experimental  observations  confirm  the  earlier 
prediction  by  Wright  and  Walter  (1987)  that  the  shear  stress  within  a  band  collapses 
as  the  deformation  localizes.  Wright  and  Walter  gave  details  of  the  shear  band  morphol¬ 
ogy  for  a  rigid  viscopiasiic  material.  Herein  we  also  account  for  (i)  the  material  elasticity, 
(ii)  work  hardening,  and  (lii)  the  consideration  of  strain  gradient  as  an  mdepenuent  vari¬ 
able.  For  simple  materials,  it  is  found  that  as  the  aetormation  begins  to  localize  tne  ^hear 
stress  collapses  and  an  unloading  elastic  shear  wave  travels  outwards  from  the  region  ot 
severe  deformation.  For  dipolar  materials  the  shear  stress  drops  gradually  and  there  :s 
no  unloading  elastic  wave  observed.  The  region  of  se-  ere  deformation  is  wider  for  dipo¬ 
lar  materials  as  compared  to  that  for  nonpolar  materials. 

Whereas  Clifton  ei  al.  (1984),  Wright  and  Batra  (1985),  and  Batra  (198"’]  ac¬ 
counted  for  the  effect  of  material  eiasiiciiy,  their  calculations  were  not  '.arried  far 
enough  in  lime  to  see  what  effect,  if  any,  the  material  elasticity  has  once  a  shear  band 
has  formed.  Wright  and  Batra,  and  Batra  used,  respectively,  the  forward-duference 
method  and  ti.e  Crank-Nicoison  method  to  integrate  the  ordinary  differential  equations 
obtained  by  applying  the  Galerkin  approximation  to  the  governing  partial  aiftereniiai 
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equations.  Both  these  methods  became  unstable  once  the  deformation  started  to  local¬ 
ize.  The  Gear  method  used  by  Wright  and  Walter  [1987]  and  also  employed  here  en¬ 
ables  us  to  study  the  details  of  the  deformation  within  the  severely  deformed  region.  The 
results  presented  here  should  help  to  better  understand  the  mechanics  of  the  shear  band 
formation. 


n.  FORMULATION  OF  THE  PROBLEM 

Equations  governing  the  thermomechanical  deformations  of  a  block  of  material  un¬ 
dergoing  simple  shearing  motion  are: 

The  balance  of  linear  momentum,  pu  =  {s  -  a,,.),,,  (1) 

The  balance  of  internal  energy,  pe  =  -q,,  +  si\,  +  (2) 

Here  p  is  the  mass  density,  u  is  the  .v-displacement  and  v  the  .v- velocity  of  a  material  par¬ 
ticle,  s  is  the  shear  stress,  <j  is  the  dipolar  stress  associated  with  the  kinematic  variable 

w,vv,  q  IS  the  heat  flux,  e  is  the  specific  internal  energy,  a  comma  followed  by  v  implies 
partial  differentiation  with  respect  to  v,  and  a  superimposed  dot  signifies  material  time 
differentiation.  For  the  sake  of  completeness  and  brevity,  we  give  only  the  equations 
which  are  absolutely  necessary  for  our  work.  Detailed  discussions  of  these  equations  and 
those  given  below  may  be  found  in  Green,  McInnis  and  Naghdi  [1968]  and  Wright 
and  Batra  [1987]. 

Coleman  and  Hodgdon  [1985]  have  developed  a  theory  of  shear  banding  in  which  the 
shear  yield  stress  depends  upon  the  accumulated  shear  strain  y  and  its  second  spatial  gra¬ 
dient.  For  monotonic  loading  the  accumulated  shear  strain  equals  the  present  value  of 
the  shear  strain  y.  Previous  numerical  (e.g.,  Batra  [1987])  and  experimental  work  (Mar- 
CHAND  &  Duffy  [1988])  on  the'adiabatic  shearing  problem  indicates  that  peak  strain  gra¬ 
dients  are  of  the  order  of  10'  per  meter.  It  seems  reasonable  to  assume  that  such  a 
deforming  region  will  experience  a  force  which  opposes  these  sharp  gradients  ot  Cole¬ 
man  and  Hodgon  [1985]  introduced  such  a  force  into  the  theory  bv  adding,  to  the  ex¬ 
pression  for  the  stress  in  the  classical  flow  rule,  a  term  linear  in  the  second  '.patiai 
derivative  of .  Here  we  account  for  this  force  by  taking  the  rirsi  spatial  derivative  ot 
7  as  a  kinematic  variable  and  account  for  the  etfecis  of  the  associated  dipolar  stress  j 
on  the  deformations  of  the  body. 

We  presume  that  the  shear  '>train  7  and  the  shear  'strain  gradient  d  nave  additive 
decompositions  into  elastic  and  plastic  <7,,,  J.j  parts  That  s. 


7  =  U, 

7>» 

(3) 

d  3  u. 

\  1  ■”  d^, 

(4) 

For  the  constitutive  relations  we  take 


q  = 

-kd,,. 

{5) 

5  = 

•6) 

<-}  = 

(‘"I 
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e  =  c6  -i-  Sye  + 


(8) 


Ip  = 


(9) 


(10) 


where  k  is  the  thermal  conductivity,  c  the  specific  heat,  d  the  change  in  the  temperature 
of  a  material  particle  from  its  temperature  in  the  reference  configuration,  p,  is  the  shear 
modulus,  V  IS  the  modulus  associated  with  the  dipolar  effects,  f  i  is  a  material  charac¬ 
teristic  length,  and  .1  =  Ais^ar/p^clp)  is  positive  for  plastic  deformations  and  equals 
zero  when  the  deformations  are  elastic.  .-M!  of  the  material  parameters  k,  c  and  u  are 
assumed  to  be  constants. 

To  decide  whether  the  ensuing  deformations  are  elastic  or  plastic,  we  presume  that 
there  e.xists  a  loading  function 

J{s,a,yp,dp,d)  =  K{yp,dp)  (11) 

such  that  for  all  positive  A  and  real  numbers  a  and  b. 


<  0. 


(12) 


The  function  k  on  the  right-hand  side  of  eqn  (II)  describes  the  work  hardening  ot  the 
material.  The  condition  (12)  ensures  that  the  equation 


/j^,  ^  (7,^j  =  x(y„,d„) 

has  a  unique  solution  tor  .1.  We  make  the  following  choices  tor  /  and  ^ 


(13) 


(  T  /  (  1  -  uO) 


14) 


vr)  / 


=:  sy,,  -  'Jdr. 

The  parameter  a  describes  the  thermal  softening  ot  the  material,  b  and  m  its  strain-rate 
hardening,  and  n  characterize  its  work  haraening,  and  is  the  ;.ieid  stress  n  .4 
quasi-static  isothermal  test  The  parameter  ^  introciucea  througn  eqns  1 15)  and  1 16)  ma\ 
be  thougnt  of  as  an  internal  variable.  It  describes  the  el  feet  ot  the  nistorv  ot  the  detor- 
maiion  on  the  current  value  ot  tne  vieid  stress  in  a  quasl-^^alic  and  isothermal  test  it 
IS  referred  to  as  the  vvork  hardening  parameter  below 
Substitution  rrom  ( 14),  1 15),  (9)  and  ( !0)  into  ( i  1  j  vieids 


29 


130 


R.  C.  Batra  and  C.  H.  Kim 


s-  + 


'"oil  ^ 


1  +  bA 


(17) 


which  IS  to  be  solved  for  -1  when  plastic  deformation  is  occurring;  otherwise  .1  is  zero. 
The  constitutive  eqn  (17)  is  a  simple  variation  of  the  “oversiress”  idea,  due  to  Malvern 
(1984],  where  the  overstress  in  the  present  case  is  obtained  through  the  use  of  a  mul¬ 
tiplicative  factor  rather  than  an  additive  one.  When  the  dipolar  effects  are  neglected  and 
the  material  is  presumed  to  be  viscoplastic  without  any  yield  surface,  then  eqn  (17)  re¬ 
duces  to  Litonski’s  [1977]  constitutive  relation. 

Before  discussing  the  initial  and  boundary  conditions,  we  nondimensionaiize  the  vari¬ 
ables  as  follows: 


y  =  My, 

c: 

II 

II 

=  hH,  7 

=  7,  d  =  d/H. 

s  =  KqS, 

a  =  K()  t\d,  <  ~ 

=  Kt)K,  A 

=  1 ,  ()  =  f)J, 

7o 

pH  hi  _ 

k 

=  P.  = 

■  k,  ad(^  ■ 

=  d,  byo  = 

b,  3  . 

<0 

pCyoH- 

pc 

ii-KQ  = 

=  hH. 

Here  2H  is  the  height  of  the  block,  jq  is  the  average  strain-rate,  ^  is  a  material  char¬ 
acteristic  length,  and  the  overbar  indicates  the  nondimensional  quantity.  Below  we  drop 
the  overbars  and  give  a  summary  of  the  equations  in  terms  of  nondimensional  variables. 


po 

=  ij  “  ra. 

v),v, 

1 19) 

e 

=  kS,^y  -r 

.1(5“  -1-  J-), 

(20) 

s 

=  - 

.15), 

(21) 

,1 

.la  \ 

<7 

=  (P.vv 

-y)' 

(22) 

1(5“  - 

•  a-) 

(24) 


In  writing  these  equations  we  nave  ^et  t  =  t.  =  t ,  =  f  ^ince  no  information  is  ^urrentiv 
availaole  on  their  relative  magnitudes.  This  was  also  done  ov  Wright  and  Batra 
and  bv  Batra  [1987]  \ote  that  in  the  energy  equation,  ail  of  me  olastic  .vorking  :s  taken 
to  oe  converted  into  heat. 
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We  presume  that  the  specimen  is  placed  in  a  hard  insulated  loading  device  so  that  the 
velocity  IS  prescribed  on  its  top  and  bottom  surfaces.  With  the  origin  of  the  rectangu¬ 
lar  Cartesian  system  of  axes  located  at  the  center  of  the  specimen,  we  seek  solutions  of 
the  governing  equations  which  exhibit  the  following  properties. 

y(-y,/)  =  =e(y,s), 

(25) 

5(-y,/)  =5(y,/),  a{-yj)  = -a{y,t). 

Thus  the  problem  for  the  upper  half  of  the  block  will  be  solved  under  the  following 
boundary  conditions. 


y(I,/)  =  l,  ^,v(l,O=0,  flr(l,O=0, 

i;(0,/)  =  0,  ^,^(0,/)  =  0,  j(0,/)=0. 

Figure  1  depicts  a  solution  of  eqns  (19)  through  (24),  (26),  the  initial  conditions 
y(;'tO)  =y,  ^(y,0)  =  {;(y,0)  =5(y,0)  =  0(y,O)  =0 


(26) 


(27) 


and 


p  =  3.928  X  10•■^  A:  =  3.978  X  l0'’^  j  =  0.4973,  p  =  240.3, 

(28) 

n  0.09,  '^0  =  0.017,  ^  =  5  x  l0^  m  =  0.025. 

The  aforementioned  values  of  various  parameters  are  for  a  typical  steel,  the  average  ap¬ 
plied  strain-rate  of  500  sec*' ,  and  H  =  2580  pm.  However,  we  have  taken  a  father  large’ 
vaiue  of  the  thermal  softening  coefficient  a  to  reduce  tne  computational  effort  required 
to  simulate  the  formation  of  a  shear  band.  The  chosen  value  ot  a  gives  the  nondimen- 


Average  inear  'tresi-iveragc  'inear  sirain  lyr  a  I’.pKai  ai  a  nominal  stram-raie  or  '“X)  'Ct. 
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sional  melting  temperature  to  be  2.011.  For  homogeneous  deformations  of  the  block.> 
a  s  0,  and  the  peak  (marked  as  point  P  in  Fig.  1)  in  the  shear  stress-shear  strain  curve 
occurs  at  a  strain  of  0.093.  The  uniform  temperature  Bo  =  0.1003  in  the  block  when 
7  =  0.0692,  corresponding  to  point  I  in  Fig.  1  is  perturbed  by  adding  a  smooth  temper¬ 
ature  bump 

Hy)  =0.1(1 


and  the  initial-boundary-value  problem  described  by  equations  (19)-(24),  (26),  and  the 
initial  conditions 


=y,  d(y,0)  =0,  '•piy.O)  =0.1, 

=  0.1003  -1-0.1(1  (29) 

'  0  1^* 

5(  v,0)  =  (  1  —  1  { 1  -  d()(  r,0))( !  -4-  bV" 

'  '/'()  / 


is  solved  numerically  by  using  the  Gaierkin-Gear  method.  The  Galerkin  method  is  used 
to  reduce  the  partial  differential  equations  to  coupled  nonlinear  ordinary  differential 
equations  which  are  then  integrated  by  using  the  Gear  method  for  stiff  differential  equa¬ 
tions  (Gear  (1971)).  We  used  the  subroutine  LSODE,  taken  from  the  package  ODE- 
PACK,  developed  by  Hindmarsh  (1983],  and  employed  the  option  of  using  the  full 
Jacobian  matrix. 


in.  COWFOTATiON  -aND  OiSCtSSiO'N  OF  KtSLLI^ 

Guided  by  the  work  of  Wright  and  Walter  [1987]  on  rigid/ visco-plastic  materials, 
we  selected  a  finite  element  mesh  with  coordinates  ot  node  points  given  by 

= 

and  computed  results  for  p  =  3, 
fhcse  meshes  on  the  problem  analyzed  by  Wrigni  and  Walter  and  obtaineu  results  vir¬ 
tually  identical  to  their  findings.  This  assured  us  oi  the  accuracy  of  the  code  and  the  ade¬ 
quacy  ot  the  finite  element  meshes  used.  Ml  three  meshes  gave  results  which  were 
essentially  indistinguishable  from  each  other  We  first  present  and  discuss  results  tor  non¬ 
polar  ((’  =  0.0)  materials  and  then  for  dipolar  materials  with  (  =  0.01 


-  I 


160 


<  n  <  161, 


"  on  the  Floating  Point  Svstem  machine.  We  testeu 


1 1 1 .  i  "Nonpolar  materials 

For  homogeneous  deformations  of  the  block,  the  peak  in  the  snear  'iress->near  ^lral^ 
curve  occurs  at  an  average  strain  of  0  093,  The  temperature  perturbation  (29)  vs  as  in¬ 
troduced  when  the  block  had  undergone  deformations  corresponding  to  point  1  m  Fig.  1 
and  rhe  resulting  initial-boundary-value  problem  vvas  ^oKed.  We  recall  that  iBatrv 
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Ftg.  2.  Evolution  of  the  shear  stress,  plastic  strain-rate,  temperature  and  work-hardening  parameter  at  points 
near  the  center  of  the  specimen  for  nonpolar  materials. 


[1987])  the  average  strain  at  which  the  deformation  begins  to  localize  depends  upon, 
among  other  factors,  the  size  and  the  shape  of  the  temperature  penurbation.  Figure  2 
shows  the  evolution  of  the  shear  stress,  plastic  strain-rate,  the  temperature  and  the  work¬ 
hardening  parameter  Initially,  the  temperature,  plastic  strain-rate  and  the  work  hard¬ 
ening  parameter  increase  slowly,  and  the  values  of  the  temperature  and  i  at  a  point 
differ  approximately  by  the  magnitude  of  the  initial  temperature  bump.  When  the  aver¬ 
age  strain  in  the  block  equals  0.1002  the  rate  of  increase  of  the  plastic  “itrain  rate  at  points 
near  the  center  of  the  block  rises  sharply  and  shoots  up  at  an  average  strain  ot  0. 101 1. 
Thus,  for  the  present  problem,  the  localization  ot  the  deformation  begins  in  earnest  at 
an  average  strain  close  to  0. 101 1 . 

Figure  3  shows  the  evolution  of  the  plastic  strain-rate  and  the  shear  stress  during  the 
time  the  severe  localization  of  the  deformation  is  occurring.  It  is  clear  from  these  plot‘s 
that  the  shear  stress  drops  to  essentially  zero  in  nearly  one  micro-')econd  even  when  the 
strain-hardening  effects  are  included.  The  shear  stress  stayed  uniform  throughout  the 
specimen  prior  to  the  initiation  of  the  localization,  and  during  the  initial  stages  ot 
the  sudden  collapse.  But  it  became  nonuniform  during  the  time  the  localization  of  the 
deformation  was  in  progress.  This  prompted  us  to  examine  the  field  variables  more 
closely. 

Figure  4  depicts  the  distribution  of  the  shear  stress  and  the  panicle  velocity  within  the 
specimen  at  intervals  ot  one-tenth  of  a  microsecond  starting  with  the  time  when  the 
deformation  begins  to  localize.  It  is  clear  that  an  anloading  elastic  shear  wave  emanates 
outwards  from  the  region  of  severe  deformation.  The  emanation  of  the  elastic  unload¬ 
ing  wave  is  probably  associated  with  the  sudden  collapse  ot  the  shear  stress  within  the 
band.  The  computed  speed.  3 PS  m/  sec,  of  the  wave  essentially  equals  p)'  \  ^ince 
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Fig.  3.  Collapse  of  the  shear  stress  and  rise  ot  the  plastic  strain-rate  during  the  localization  ot  the  detorma- 
tion  tor  nonpolar  materials 


80  X  10^ Y 
7860  / 


=  3, 190  m/sec. 


It  takes  0.807  /xs  for  the  shear  wave  to  reach  the  outer  boundary  from  which  u  is 
reflected  back  with  a  negative  value  of  the  shear  stress.  The  numerical  calculations  were 
not  pursued  any  further. 

Figures  5  and  6  depict,  at  different  times,  the  panicle  velocity,  temperature,  plastic 
strain-rate,  work-hardening  parameter  i4.  and  the  shear  stress  within  the  region  ot  lo¬ 
calization.  These  results  show  that  the  calculations  stay  stable  throughout  the  severe  lo¬ 
calization  of  the  deformation,  The  plots  of  the  plastic  strain-rate  and  4/  vs.  y  at  different 
times  indicate  that  the  region  of  severe  deformation  becomes  smaller  with  time.  Even 
though  the  values  of  at  points  near  the  center  of  the  specimen  keep  on  increasing 
monoionically,  those  of  yp  begin  to  oscillate.  A  possible  e.xplanation  for  this  is  that 


Fig  -i  Disinouiion  ot  me  shear  stress  ana  the  nariicie  veiov,;!".  wunin  me  sDccsmen  at  ailfereni  itnes  our- 
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Fig  5  Evolution  or  the  particle  velocity,  work- 
hardening  parameter  and  plastic  strain-rate 
within  the  region  ot  localization  tor  nonpolar 
materials  See  Fig.  4  tor  times  at  vvhich  these 
curves  are  plotted 


there  is  a  diffusive  term  present  in  the  energy  equation,  but  there  is  no  such  term  m  the 
equation  representing  the  evolution  of  i/  with  time.  Because  of  the  sharp  temperature 
gradients  at  points  near  the  center  of  the  specimen,  the  rate  of  heat  conducted  out  of  the 
region  of  localization  is  high  and  at  times  balances  the  rate  of  heat  generation  due  to 
plastic  working.  When  this  happens,  the  softening  of  the  material  caused  by  the  rise  in 
us  temperature  cannot  overcome  the  hardening  due  to  the  increase  in  the  value  of  and 
the  plastic  strain  at  that  matenal  point  drops  significantly.  This  m  turn  reduces  the  bhear 
stress  required  for  the  material  to  deform  plastically  because  of  the  reduced  hardening 
due  to  plastic  strain-rate  effects.  Hence  the  plastic  strain  rate  begins  to  increase  again 
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Fig  D  Evolution  Of  the  vnear  stress  and  temperature  Aithip  the  region  or  lovaiization  ;or  aonooiar  materi¬ 
als  See  Fig.  4  ror  times  at  wnicn  these  .urves  are  oiottea 
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and  the  phenomenon  is  repeated  though  not  with  any  periodicity.  The  nondimensional 
plastic  strain- rate  drops  at  the  center  by  nearly  four-tenth  of  a  million  during  each  one- 
tenth  of  a  micro- second  beginning  at  /  =  64.2  /iS,  64.6  ^s  and  64.8  /xs. 

We  now  try  to  write  the  preceding  explanation  in  the  form  of  an  equation.  During  the 
time  the  localization  of  the  deformation  is  progressing,  it  is  reasonable  to  assume  that 
material  particles  near  the  center  of  the  specimen  are  deforming  plastically.  Equation  (17) 
then  gives 


ds  add  nd\l/ 
s  \  -  ad  '^)  -H  ^  ‘ 

Note  that  ds  <  0,  dd  >  0  and  (ii/'  >  0.  1  herefore.  if  the  middle  term  on  the  right-hand 
side  is  not  larger  than  the  sum  of  the  magnitudes  of  the  other  two  terms,  d^,p  will  be 
negative.  If  the  effect  of  work  hardening  is  neglected,  then  the  relative  temperature  rise 
has  to  overcome  the  relative  drop  in  stress  for  t/y,,  to  be  positive. 

We  note  that  when  the  shear  stress  begins  to  collapse,  the  temperature  at  the  center 
of  the  band  equals  16.9^q  of  the  presumed  melting  temperature  of  the  material.  It  rises 
to  96*^0  of  the  melting  temperature  within  0.9  lisec  and  then  increases  extremely  slowly. 
Marchand  and  Duffy  [1988]  estimated  the  maximum  temperature  within  the  shear 
band  to  be  nearly  of  the  melting  temperature  of  the  structural  steel  tested.  Since 
there  is  no  failure  or  fracture  criterion  included  herein,  our  calculations  may  have  been 
carried  too  far  in  time. 

One  possible  way  to  define  the  width  of  a  shear  band  is  to  equate  it  to  the  width  of 
the  severely  deformed  region  when  the  unloading  elastic  wave  emanates  outwards  from 
this  region.  This  definition  gives  the  width  of  the  shear  band  for  the  material  model  be¬ 
ing  studied  here  to  be  0.6  nm  which  does  not  compare  well  with  those  ooserved  experi¬ 
mentally,  The  difference  between  the  computed  and  the  observed  values  could  be  due 
to  the  choice  of  the  values  of  the  material  parameters  and,  or  the  constitutive  relations 
used.  The  inclusion  of  nonlocal  effects,  as  discussed  below,  does  increase  the  width  ot 
the  severely  deformed  region. 


d'/i,= 


(6~'  +7g) 


m 


1 1 1 . 2  Dipolar  materials 

In  Fig,  IS  plottea  the  evolution  ot  the  siiear  -stress the  dipolar  stress  j.  the  temper¬ 
ature  change  tl  and  the  plastic  sirain-i-ate  vvnen  is  ^et  equal  to  0.01  Now  :ne  ^near 
^lress  drops  graduailv  rather  rhan  ^uudenlv.  and  tne  piasiic  'tram  rate  does  .loi  uttam 
the  enormously  nigh  values  it  achieved  tor  nonpolar  materials.  Also  the  localization  ot 
the  detormaiion  s  delayed  considerably  as  compared  to  that  tor  nonpolar  materials.  At 
points  where  the  magnitude  of  tne  gradient  oi  the  dipoiar  stress  is  maximum,  the  shear 
stress  attains  minimum  values.  Since  {s  -  acts  as  a  Oux  tor  the  anear  momen¬ 
tum  and  s  {s-  -  <7- y  -  as  the  effective  stress  for  determining  wnether  the  material 
particle  is  deforming  elastically  or  plastically,  we  have  plotted  these  m  Fig.  S.  As  tor  the 
nonpoiar  case,  the  flux  Fof  the  linear  momentum  stavs  uniform  throughout  tne  Dio<.K 
and  drops  m  value  first  gradually  ana  later  on  rather  sharply  The  snarp  drop  .n  F 's  as¬ 
sociated  with  the  rapid  heating  or  the  material  during  tne  final  stages  ot  ne  localization 
or  the  deformation.  Because  of  the  assumption  7(0.0  =  0.  o  =  s  at  tne  .enter  ana, 
fhererore,  5.  drops  .noticeably  at  the  center  aue  to  the  sottemng  ot  tne  material  .ausea 
by  tne  rise  .n  'emperature  The  negative  values  ot  ;  rnpiv  that  J,,  exceeds  .  Tne 


Adiabatic  shear  banding 


137 


■y 


Fig.  -  Evolution  01  (he  shear  stress,  dipolar  stress,  temperature  and  plastic  strain-rate  at  points  near  the  center 
ot  the  specimen  tor  dipolar  materials  with  i  -  0.01 


larger  values  of  ai  at  points  away  from  the  center  make  the  effective  stress  j.  bigger 
there.  The  point  where  assumes  maximum  values  moves  towards  the  center  of  the 
block  os  the  deformation  proceeds  but  becomes  biaiionary  when  the  detormation  begins 
to  localize  severely.  In  Figs,  9  and  10  we  have  plotted  the  distribution  ot  the  panicle 
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Fig.  9  Disinbuiion  of  ihe  plastic  strain-rate,  lem- 
perature  and  panicle  velocitv  at  different  times  tor 
dipolar  materials  See  Fig  8  for  times  at  which 
these  curves  are  plotted 
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speed,  temperature,  plastic  strain-rate,  s  and  j  within  the  specimen  at  different  times. 
It  IS  obvious  that  there  is  no  unloading  wave  emanating  outwards  from  the  severely 
deformed  region.  This  is  to  be  expected  since  the  governing  equations  for  f  0  do  not 
have  real  characteristics.  The  particle  speed  increases  from  the  prescribed  value  of  zero 
at  the  center  of  the  specimen  to  1.14  at  the  edge  of  the  severely  deformed  region,  and 
then  almost  linearly  to  the  prescribed  value  of  1.0  at  the  outer  boundary  of  the  speci¬ 
men.  The  temperature  and  the  plastic  strain-rate  at  the  center  continue  to  increase. 

In  order  to  decipher  the  details  of  the  deformation  at  points  near  the  center  ot  the 
specimen,  we  have  plotted  in  Pigs.  1 1  and  12  several  field  variables  within  0  <  y  <  0.10 
and  at  different  times.  These  figures  show  vividly  that  the  temperature  and  the  work¬ 
hardening  parameter  have  attained  steady  values  at  points  for  which  0.0 Tf  <  v  <  0.10. 
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Fig.  It  Disinbution  of  the  plastic  strain-rate, 
temperature  and  work-hardening  parameter  ^  at 
points  near  the  center  of  the  specimen  for  di¬ 
polar  materials.  See  Fig  i  tor  times  at  which  these 
curves  are  plotted 


The  shear  stress  continues  to  drop  and  is  minimum  not  at  the  center  but  at  a  point 
slightly  away  from  it.  The  temperature  at  points  near  the  center  of  the  block  continues 
to  rise  and  has  essentially  uniform  values  in  the  region  Osy  <  0.01.  Even  though  the 
shear  stress  at  some  points  becomes  negative  for  i  >  190  /xsec,  the  tlux  F  of  linear 
momentum  is  still  positive  throughout  the  block.  Up  to  the  time  these  computations  have 
been  performed,  the  peak  temperature  has  not  reached  the  presumed  value  2.01 1  of  the 
melting  point  of  the  material.  Since  the  severely  deforming  region  is  still  narrowing 
down,  It  IS  unclear  as  to  how  to  define  the  band  width  or  when  to  biop  the  numerical 
computations  for  the  dipolar  case.  One  possibility  is  to  end  the  computations  when  s  at 
any  point  in  the  domain  becomes  zero  and  regard  the  width  of  the  ^.everely  deformed 
region  as  equal  to  the  band  width.  .According  to  this  criterion,  the  width  of  the  heavilv 
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deformed  region,  computed  for  i  ~  190  jus,  equals  2  x  0.0129  x  2580  =  66.4  fxm.  This 
value  is  close  to  those  observed  experimentally,  but  the  experimentally  observed  (Mar- 
CHAND  &  Duffy  (1988])  quick  drop  of  the  shear  stress  is  not  predicted  by  the  dipolar  the¬ 
ory.  Since  the  value  of  f  was  arbitrarily  chosen  to  be  0.01,  there  is  some  room  for 
adjustment.  Wright  and  Batra  (1987)  did  compute  results  for  f  =  O.OOl,  but  the  cal¬ 
culations  were  not  carried  far  enough  in  time. 

Batra  and  Kim  (1988),  using  the  present  material  model,  have  computed  results  for 
f  =  0,005,  O.OOl  and  0.0005.  Their  computations  show  that  as  f  is  decreased  from  0.0 1 
to  0.0005,  the  computed  band  width  decreases  from  66.4  to  1.0  ^m,  the  maximum 
plastic  strain-rate  at  the  center  increases  from  139  to  99,606,  and  the  average  strain  when 
the  shear  stress  first  becomes  zero  decreases  from  0.1642  to  0.1023.  There  was  no  un¬ 
loading  elastic  wave  observed  for  any  of  these  three  values  of  the  material  characteris¬ 
tic  length  L 

IV.  CONCLUSION.^ 

It  IS  shown  that  when  the  uniform  temperature  field  m  an  elastic/  viscopiasiic  block 
undergoing  simple  shearing  deformations  is  penurbed,  the  deformation  localizes.  During 
the  localization  of  the  deformation,  the  stress  collapses  quickly  for  nonpolar  materials 
but  decreases  to  zero  gradually  for  dipolar  materials.  For  nonpolar  materials,  the  sharp 
drop  of  the  shear  stress  in  the  narrow  region  undergoing  severe  deformations  results  m 
an  elastic  unloading  wave  to  travel  outwards  from  this  region  to  the  outer  boundaries 
of  the  specimen.  Both  for  dipolar  and  nonpolar  materials  the  temperature  and  the  work 
hardening  parameter  continue  to  increase.  Whereas,  for  dipolar  materials,  the  plastic 
strain-rate  keeps  on  increasing  within  the  region  of  the  localized  deformation:  for  non¬ 
polar  materials,  the  plastic  strain  rate  oscillates  indicating  the  competing  effects  ol  ther¬ 
mal  softening  and  hardening  due  to  plastic  strain  and  plastic  strain-rate. 
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ADIABATIC  SHEAR  BANDING  IN  DYNAMIC  PLANE  STRAIN 
COMPRESSION  OF  A  VISCOPLASTIC  MATERIAL 


R.C.  Batra  and  De-Shin  Liu 

Universitv  ot  Missouri- Rolla 


Abslract- Dynamic  plane  strain  ihcrmomechanical  deformations  ot  a  thermally  sottening  vis- 
copiastic  body  subjected  to  compressive  loads  on  the  top  and  bottom  faces  are  studied  with 
the  objective  ot  exploring  the  effect  ot  (a)  modeling  the  material  inhomogeneitv  bv  introduc¬ 
ing  a  temperature  perturbation  or  assuming  the  existence  ot  a  weak  material  within  the  block, 
(b)  introducing  two  detects  '.vmmetricallv  placed  on  the  vertical  axis  of  the  block  The  effect 
ot  melting  the  thermal  conductivtiv  equal  to  zero  is  also  >tudied  in  the  latter  case,  it  is  found 
that,  irrespective  of  the  wav  the  material  inhomogeneitv  is  modeled,  a  i.hear  band  initiates 
from  the  site  ot  the  defect  and  propagates  in  the  direction  ot  maximum  shearing  stress.  The 
value  '^t  the  average  strain  at  the  instant  of  the  initiation  ot  the  band  depends  upon  the  strength 
of  the  material  defect  introduced.  Once  the  shear  band  reaches  the  boundaries  ot  the  block 
It  IS  reflected  back,  the  angle  of  reflection  being  nearly  equal  to  the  angle  ot  incidence 


1.  INTRODUCTION 

\diabatic  shear  banding  refers  to  the  localization  of  the  deformation  into  ihm  narrow 
bands  of  Intense  plastic  deformation  that  usually  form  during  high-rate  plastic  defor¬ 
mation.  These  bands  often  precede  shear  fractures.  The  experimental  work  in  this  area 
IS  due  to  Zener  and  Hollomon  (1944),  Costin  et  al,  (1980),  Moss  [1981],  Lindhol.m 
and  Johnson  (1983),  Hartley,  Duffy  and  Hawley  (1987),  and  Marchand  and  Duffy 
(1988).  Hartley  et  al.  (1987),  and  Marchand  and  Duffy  [1988],  have  given  a  detailed 
history  of  the  temperature  and  strain  fields  within  a  band  formed  in  a  thin  steel  tube 
deformed  in  simple  torsion. 

During  the  last  ten  years,  there  have  been  numerous  studies  aimed  at  analyzing  the 
initiation  and  growth  of  shear  bands  in  the  one-dimensional  simple  shearing  problem. 
For  example,  Clifton  (1980)  and  Bai  (1981)  analyzed  the  growth  of  miinitesimai  peri¬ 
odic  perturbations  superimposed  on  a  body  deformed  by  a  finite  amount  in  simple 
shear.  Burns  [19851  ^sed  a  dual  asymptotic  expansion  to  account  for  the  time  depen¬ 
dence  of  the  homogeneous  solution  in  the  analysis  ot  the  growth  ot  superimposea  pe¬ 
riodic  perturbations.  Other  works  include  those  ot  VIerzer  [1983],  Wu  and  Freund 
[1984],  Clifton  et  al.  [1984],  Cole.man  and  Hodgdon  [1985],  Wright  and  Batra 
[1985],  Wright  and  Walter  [1987],  Batra  [1987a, I987bj,  Zbib  and  .Aifantis  (1988], 
and  Batra  and  Kim  (1990).  We  note  that  Rogers  [1979,1983]  and  Timothy  [1987]  nave 
reviewed  various  aspects  of  shear  banding,  and  .Anand  et  al.  [1988]  have  generalized 
one-dimensionai  stability  analysis  of  Clifton  [1980]  to  three-dimensional  prooiems. 

Recently  Lemonds  and  Needleman  [1986a,  1986bj,  Ana.nd  et  at.  [1988],  .N'eedle- 
MAN  [1989],  Batra  and  Liu  [1989],  and  Shuttle  and  Smith  [1988]  nave  studied  the 
initiation  and  growth  of  shear  bands  m  plane  strain  deiormations  of  a  ^ottening  mate¬ 
rial.  Except  for  Needleman,  and  Batra  and  Liu,  these  works  neglected  the  etfect  of 
inertia  forces  Batra  and  Liu  studied  the  coupled  thermomecnanical  detormations  ot 
a  thermally  softening  viscoplastic  solid  and  modeled  the  material  innomogeneity  bv 
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introducing  a  temperature  bump  at  the  center  of  the  block  whose  boundaries  were  taken 
to  be  perfectly  insulated.  Two  different  loadings,  namely,  those  corresponding  to  sim¬ 
ple  shearing  and  simple  compression  of  the  block,  were  considered.  Here,  we  examine 
the  effect  of  (a)  modeling  the  material  mhomogeneity  in  two  different  ways,  namely, 
introducing  a  temperature  perturbation  and  assuming  the  existence  of  a  weak  mate¬ 
rial,  (b)  introducing  two  defects  placed  symmetrically  on  the  vertical  axis  of  the  block, 
(c)  varying  the  reduction  in  the  flow  stress  of  the  weak  material,  and  (d)  two  different 
sets  of  initial  conditions. 

II.  FORMULATION  OF  THE  PROBLEM 

We  use  an  updated  Lagrangian  description  (e.g.,  see  Bathe  [1982])  to  analyze  the 
plane  strain  thermomechanical  deformations  of  the  viscoplastic  body.  That  is,  in  or¬ 
der  to  solve  for  the  deformations  of  the  body  at  time  (/  +  J/),  the  configuration  at 
time  i  is  taken  as  the  reference  configuration.  However,  it  is  not  assumed  that  the  defor¬ 
mations  of  the  body  from  time  t  to  time  (r  +  Jr)  are  inlinitesimal.  With  respect  to 
a  fixed  set  of  rectangular  Cartesian  coordinate  axes,  we  denote  the  position  of  a  mate¬ 
rial  particle  in  the  configuration  at  time  /  by  X.,  and  in  the  configuration  at  time 
{t  +  At)  by  X,.  In  terms  of  the  referential  description  the  governing  equations  are 

ipJ)  =0,  (2.1) 

Po^,  =  Tla.at  (2.2) 

Pc^e  =  ZaV,  (2.3) 

supplemented  by  appropriate  constitutive  relations,  and  initial  and  boundary  condi¬ 
tions.  Equations  (2.1),  (2.2),  and  (2.3)  express,  respectively,  the  balance  or  mass,  the 
balance  ot  linear  momentum,  and  the  balance  of  internal  energy  Here  p  is  the  mass 
density  of  a  material  particle  in  the  current  configuration  at  time  t  At,  p„  us  mass 
density  in  the  reference  configuration;  a  superimposed  dot  indicates  a  material  time 
derivative;  J  =  p^/p  equals  the  determinant  of  the  deformation  gradient  F„  =  x,  ,, 
V,  IS  the  velocity  of  a  material  particle  m  the  v, -direction,  is  the  first  Piola-Kircnotf 
stress  tensor;  a  comma  followed  by  a(/)  implies  partial  differemiaiion  with  respect 
to  .T^{x):  a  repeated  index  signifies  summation  over  the  'ange  ot  the  index;  is  fhe 
internal  energy  per  unit  mass;  and  0^  is  the  heat  tlux.  We  assume  that  plane  strain 
deformations  occur  in  the  X\  -  .V;  plane,  so  that  v,  =  V.  and  the  indices  i  ana  a  range 
over  1.2. 

We  note  that  even  when  the  applied  overall  strain-rate  iS  kept  tixed.  different  mate¬ 
rial  panicles  undergo  detormations  at  varying  strain-rates.  During  the  course  ot  a  loading 
process  ;n  which  a  snear  band  forms,  the  temperature  of  a  material  particle  may  also 
increase  considerably  A  constitutive  relation  mat  ^.an  model  the  material  response  oxer 
changes  in  plastic  strain-rate  and  temperature  of  several  orders  of  magnitude  is  needed 
to  properly  analyze  the  shear  band  proolem.  Hartley  ei  al.  [1987],  and  Marcha.nd 
and  Duffy  [1988],  have  proposed  a  power  law  that  >eems  to  aescrioe  aaequa^elv  the 
simple  shearing  deformations  of  the  steels  tested.  However,  a  .jonstitutive  ^elation  ao- 
piicable  to  more  general  detormations  is  not  readily  available  .n  tne  ooen  literature 
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Here  we  assume  that  the  following  constitutive  relations  describe  adequately  the  mate- 
rial  response: 


<^,j  =  -pip)o,j  + 

T,^  =  (2.4) 

2^  =  [<tJ(v3/))(i  -  I'm  +  bn'". 

2D,j  =  v,,j  +  Vj,,  (2.5) 

21-  =  D„D,„  D„  =  D„  -  (l/3)i[3„6,„  (2.6) 

p(p)  =  S(p/p,  -  !).  (2.-) 

Q.,  =  -k(p„,p)X.,,9.i.  (2.3) 

p„,  =  p„(.-0  +  p„pp(p)/p'.  (2.9) 


Here,  a,j  is  the  Cauchy  stress  tensor,  is  the  yield  stress  in  a  quasi-staiic  simple  ten¬ 
sion  or  compression  test,  1/  is  the  coefficient  of  thermal  softening,  D,j  is  the  deviatoric 
strain-rate  tensor,  D,j  is  the  strain-rate  tensor,  6,j  is  the  Kronecker  delta,  8  may  be 
interpreted  as  the  bulk  modulus,  pr  is  the  mass  density  in  the  stress  free  reference  con¬ 
figurations,  c  is  the  specific  heat,  k  is  the  thermal  conductivity,  and  parameters  b  and 
m  describe  the  strain-rate  sensitivity  of  the  material.  The  material  parameters  b,-  m, 
B,  k,  and  c  are  taken  to  be  independent  of  the  temperature.  Equation  (2.8)  is  the  Fou¬ 
rier  law  of  heat  conduction,  and  eqn  (2.4),  may  be  interpreted  as  a  corisiiiutive  rela¬ 
tion  for  a  non-Newtonian  fluid  whose  viscosity  n  depends  upon  the  temperature  and 
the  strain-rate.  .Alternatively,  defining  s,j  by 

s,j  =  (j.,  +  [p  -  i2/2)fiDu]On  (2.10) 

^2uD„,  (2.1  H 

we  can  write  eqns  (2.4)  and  (2.5)  as 

(( I,  2)(s.,i-„)l '  =  =  [«,„  %3l  ( 1  -  i.())(  1  blY"  (2  12) 

which  can  be  viewed  as  a  generalized  von  Vlises  vield  iurtace  when  the  tlow  ^t^cs,  .given 
by  the  right-hand  side  oi  (2  12))  at  a  material  particle  depends  upon  its  ^tram-rate  and 
temperature.  That  the  How  stress  decreases  linearly  wnh  the  temperature  rise  nas  been 
observed  by  Bell  (1968j,  Lindhol.m  and  Johnson  (!983],  and  Lin  and  Wagoner  {I986j 
The  range  of  temperatures  e.xamined  by  these  investigators  :s  not  as  large  as  that  ex¬ 
pected  to  occur  in  the  shear  band  problem.  However,  constitutive  relations  akin  to 
eqn  (2.4)  have  been  used  by  Zienkiewicz  (I981j  tor  analvzmg  the  extrusion  prob¬ 
lem,  by  Batra  (1988)  in  studying  the  steady-'>iate  penetration  or  a  viscoplastic  target 
by  a  rigid  cylindrical  penetrator.  and  by  Batra  ana  Lit  [1989!  tor  stuuving  ^he  >hear 
band  problem. 
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In  terms  of  the  nondimensional  variables 

-  (r/a^,  p  =  p/Oof  s  =  s/a„,  v  =  v/i\„ 

I  =  tVo/H,  T  =  T/ffo, 

x  =  x/N,  e  =  d/doy  S  =  b{v^/H), 

(2.13) 

p  =  p/Pry  p  =  P„/Prs  X  =  \/H, 

5  =  prV‘/a^y  3  =  k/{prCV,yH), 

Bo  =  ao>'(PrC),  B  =  B/Oo, 

the  governing  equations  can  be  written  as 


p  •+•  pf, ,  =  0, 

(2.14) 

(2.15) 

39  =  +  (fl/p,)(i/(v3/))(i  +wr(i  - 

~'e)D„D,„ 

(2.16) 

<J„  =  -B{p  -  l)o„  +  (l/v3/))(l  +  6/r(l 

(2.17) 

where  we  have  dropped  the  superimposed  bars.  In  eqns  (2.13)  IH  is  the  height  of  the 
block  and  the  imposed  velocity  on  the  top  and  bottom  surfaces.  In  eqns  (2.U)- 
(2,16)  all  of  the  differentiations  are  with  respect  to  nondimensional  variables.  We  note 
that  m  eqn  (2.16)  all,  rather  than  90-95®7o  as  slated  by  Taylor  and  Quinney  (1934), 
of  the  plastic  working  is  assumed  to  be  convened  into  heat. 

For  the  viscoplastic  block  being  deformed  in  simple  compression  we  study  only  those 
deformations  that  remain  symmetric  about  the  horizontal  and  vertical  planes  passing 
through  the  center  of  the  block.  Thus  we  analyze  the  deformations  of  the  material  m 
the  first  quadrant.  With  the  origin  of  the  coordinate  axes  situated  at  the  center  ot  the 
undeformed  block  (cf.  Fig.  1),  we  can  write  the  pertinent  boundarv  conditions  as  tollows 


u»  The  proDiem  MUUica.  b»  '5(rc^^-^^ra^r.  n  'unoi^  vOmnre^N,on  jr  tK'  ’Tuiciai  ''jaicJ 
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y,  =  0,  T;,  =0,  Oj  =  0  at  .v,  =  =  0, 

^2  =  0,  r,2  =0,  O2  =  0  at  X2  =  Xz  -  0, 
T,aN^  =  0,  =  0  on  the  right  face, 

U2  =  -Uit),  r{2  =  0,  Q2  =  0  on  the  top  surface. 


(2.18) 


That  is,  boundary  conditions  resulting  from  the  assumed  symmetry  of  deformations 
are  applied  to  the  left  and  bottom  ;ac.s,  the  right  face  of  the  block  is  taken  to  be  trac¬ 
tion  free,  and  a  prescribed  normal  velocity  and  zero  tangential  tractions  are  applied 
on  the  top  face.  Note  that  the  initially  flat  top  surface  is  assumed  to  stay  Oat  through¬ 
out  the  deformations  of  the  block.  All  four  sides  of  the  block  are  assumed  to  be  per¬ 
fectly  insulated. 

We  consider  two  different  sets  of  initial  conditions.  First  we  take 


p(X,0)  =  l.O,  y,(X,0)  =  0,  y:{X,0)  =  0,  tl(X,0)  =  0,  (2.19) 

and  model  a  material  inhomogeneity/ flaw  by  assuming  that 

=  [I  -f(l  -  r-)'»exp<-5/--)l|((l  +  i!)/r'(v5/)|(l  -.-0)1  (2,:0) 

r- =  (X,  -  +  (X  -  <2.2I) 

That  IS,  the  material  around  the  point  X''  is  weaker  than  ihe  surrounding  maierial. 
In  this  case  we  took 


U{t)  =  r/0.005,  0  <  r  <  0.005  (2.22) 

=  I  /  >  0.005. 

Another  set  of  initial  conditions  studied  involved  perturbing  the  steady  ^tate  solution 
corresponding  to 

Ui  =  0.37,v, ,  t’:  =  -V2  (2.23) 

for  an  average  applied  strain-rate  of  5,000  sec'*  by  superposing  on  it  a  temperature 
periurbat’on  given  by 

Jd  =  til  ~  /■")'^exp( -5r').  (2.24) 

The  velocity  field  (2.23)  and  the  temperature  distribution  (2.24)  were  taken  as  the  ini¬ 
tial  conditions,  and  Uii)  was  set  equal  to  1.0  for  /  >  0  We  note  that  the  value  ot 
c  in  eqns  (2.20)  and  (2.24)  models,  in  '>ome  sense,  the  strength  ot  the  detect. 

We  refer  the  reader  to  Batra  and  Liu  (1989}  tor  details  ot  seeking  an  approximate 
solution  of  the  problem  numerically 
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lil.  COMPUTATION  ^ND  DISCUSSION  OF  RESULTS 

In  order  to  compute  numerical  results  we  assigned  following  values  to  various  mate¬ 
rial  and  geometric  parameters. 


b  =  10,000  sec,  =  0.0222°C-',  a,,  =  333  MPa, 
k  =  49.22W^  m-'  "C"',  c  =  4737  kg-'  ’C'', 

Pa  =  7,800  kg  m'\  B  =  128  GPa,  H  =  5  mm, 
Va  ^  25  m  sec-',  m  ~  0.025. 


(3.1) 


Except  for  the  value  of  the  thermal  softening  coefficient  these  values  are  for  a  typical 
hard  steel.  We  assigned  a  rather  large  value  to  u  to  reduce  the  CPU  time  required  to 
solve  the  problem.  For  the  values  given  in  (3.1),  =  S9.6^C.  the  nondimensional  melt¬ 

ing  temperature  equals  0.5027,  and  the  average  applied  strain-rate  equals  5.000  sec"‘. 
Figure  lb  depicts  the  effective  stress  defined  as  the  left-hand  side  of  eqn  (2,12), 
versus  the  average  strain.  The  presumed  high  value  of  the  thermal  softening  coeffi¬ 
cient  results  in  material  softening  due  to  the  heating  of  the  materia!  overcoming  the 
material  hardening  due  to  strain-rate  effects  right  from  the  beginning. 


III.l,  Results  with  initial  temperature  perturbation 

Figure  2a  depicts  the  isotherms  for  the  initial  temperature  distribution  (2.24)  with 
€  =  0.2  centered  around  the  point  (0.0,  0.375).  In  this  case  the  initial  velocity  lield  is 
assumed  to  be  given  by  (2.23)  and  Uit)  ='1.0  for  t  >  0.  The  peak  temperature 
of  0.2  occurs  at  the  center  of  perturbation.  The  isotherms  look  elliptical  because  ot 
the  different  scales  along  the  horizontal  and  vertical  axes.  Since  the  boundaries  ot  the 
block  are  taken  to  be  perfectly  insulated  the  heat  generated  due  to  plastic  working  raises 
the  temperature  of  every  material  point.  The  isotherms  at  live  different  values  of  the 
average  strain  are  plotted  in  Figs.  2b  through  2e.  These  'suggest  that  material  points 
along  lines  passing  through  the  center  of  perturbation  and  inclined  at  r45'  with  ^he 
horizontal  axis  are  heated  more  than  other  particles.  Also  contours  of  successively  higner 
temperatures  seem  to  originate  from  (0,0,  0.375)  and  propagate  in  the  direction  or  max¬ 
imum  shearing  stress  They  get  arrested  temporarily  at  the  ooundanes  of  tne  block 
and  when  the  material  at  tne  boundarv  wnere  these  contours  meet  it  gets  heaieo  up. 
these  start  propagating  into  the  material  as  if  the  incident  contours  ^ere  reflected  back 
into  the  body,  the  angle  ot  reflection  being  almost  equal  to  the  angle  of  incidence 
This  phenomenon  becomes  more  evident  from  the  plots  m  Fig.  3  ot  the  contours  of 
the  second  invariant  /  of  the  deviatoric  strain-rate  tensor  In  Figs.  3a  througn  3t  tne 
contours  of  /  are  plotted  at  successively  higher  values  ot  the  average  strain  In 
each  case  the  peak  value  Dt  /  occurs  at  the  point  (0.0,  0  375)  where  the  tempera¬ 
ture  is  maximum.  At  an  average  strain  of  0.04,  =  1 1  44  implying  thereov  chat  me 

material  surrounding  ;t  is  deforming  at  a  stram-raie  greater  than  50,000  sec'  For 
=  0  04,  =  0.341  occurs  at  <0  0.  0.3'5)  and  equals  b8  2*^o  ot  me  presumed 

melting  temperature  ot  the  material.  We  note  tnat  ‘vnen  the  temperature  perturbation 
was  introduced  at  (0.0,  0  0)  (Bafra  jc  Lil  [19891).  and  at  *.  =  0  04  equatlea 

8. "3  and  0  313,  respectiveiv  For  me  problem  being  vurrentlv  anaiv/ed.  'he  .ontour^ 
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Fig.  Isotherms  plotted  In  the  reterence  configuration  at  different  values  of  the  average  vtrain  vvnen  tne  mate 
rial  detect  is  modeled  bv  introducing  a  temperature  perturbation 
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ot  /  originate  at  (0.0,  0.3'^5)  ana  then  fan  out  along  the  direction  of  maximum  shear¬ 
ing.  There  appear  to  be  sources  ot  energy  ouilding  up  at  lO.O.  0  o'*:)  and  three  other 
points  on  the  boundary  where  the  parallelogram  through  lO.O,  0.375)  vvnh  adjacent 
Sides  making  angles  of  r45°  vvith  the  horizontal  axis  intersect  a.  When  there  ;s  sutfi- 
cieni  energy  built  up  at  these  points  contours  of  successively  higher  values  ot  /  origi¬ 
nate  from  these  points  ana  propagate  along  the  direction  ot  maximum  snearing  stress. 
Also  as  the  deformation  of  the  block  progresses,  these  contours  oecome  narrower  m- 
plying  thereby  that  severe  deformations  are  localizing  into  thin  hands. 

Figures  4a  througn  4c  depict  the  velocity  field  m  the  .A,  and  V;  direcuon  tor 
0.0*  0.  035  and  ().040.  The  velocity  field  at  =  0  0  is  a  graphical  representa¬ 
tion  ot  eqns  (2.23)  and  corresponds  to  a  homogeneous  deformation  of  the  diock  On^e 
the  deformation  localizes  the  veiocuv  tieid  Aithm  tne  material  adjoining  tne  Mdes  or 
the  parallelogram  stated  above  varies  sharply,  ana  it  vanes  almost  lineariv  Auhin  the 
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Fig.  3  Coniours  ot  (he  second  mvanant  I  ot  the  dcviatonc  sirain-raie  tensor  at  different  values  ot  the  average 
virain  when  the  material  defect  is  modeled  bv  a  temperature  perturbation. 
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remainder  ot*  ihe  material.  This  contrast  between  the  velocity  field  m  separate  regions 
becomes  sharper  (e.g.  see  Fig.  4c)  as  the  deformation  becomes  more  localized. 

The  variation  of  the  effective  stress  s.,  defined  as  being  equal  to  the  lett-hano 
side  of  eqn  U-12),  within  the  block  at  =  0.0,  0.035.  0.0375  and  0.040  is  plotted 
in  Figs.  5a  through  5d.  Initially  the  effective  stress  iS  lower  within  the  material  sur¬ 
rounding  the  center  of  temperature  perturbation  because  it  is  compu’?d  from  the  pre¬ 
scribed  velocity  and  temperature  fields.  Since  satisfies  eqn  (2.12),  tae  initiilly  higher 
temperature  around  (0.0,  0.375)  reduces  the  How  stress  needed  there  to  deform  the 
material  plastically.  Even  though  the  values  of  both  the  temperature  and  I  are  higher 
within  the  band  as  compared  to  those  in  the  surrounding  material,  the  effect  of  ther¬ 
mal  softening  exceeds  the  material  hardening  due  to  strain-rate  effects,  and  the  etfec- 
tive  Stress  within  the  band  is  lower  than  that  m  the  rest  of  the  maurial.  The  plots  o( 
Sp  and  the  velocity  field  suggest  that  the  band  first  forms  along  the  shorter  side  ot  the 
parallelogram  that  passes  through  the  center  ot  the  temperature  bump.  Mso  tne  mag¬ 
nitude  of  the  deformation  within  the  band  along  the  four  sides  of  the  parallelogram 
IS  not  the  same. 
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in. 2  Results  with  material  inhomogeneity  modeled  by  a  weak  material 

We  now  assume  that  the  initial  velocity  field  is  given  by  (2.23),  (1(X0)  =  0,  and 
the  material  parameter  /x  is  represented  by  eqn  (2.20)  with  e  =  0.1.  That  is,  the  material 
surrounding  the  point  (0.0,  0.375)  is  weaker  than  the  rest  of  the  material.  In  Fig.  6 
we  have  plotted  the  contours  of  I  and  6  at  different  values  of  Vavg-  A  comparison  of 
these  results  with  those  in  Figs.  2  and  3  reveals  that  the  pattern  of  the  shear  band  de¬ 
velopment  is  identical  to  that  when  the  material  defect  was  modeled  by  a  temperature 
perturbation.  In  this  case  it  takes  a  little  longer  for  the  shear  band  to  form  and  the 
maximum  value  10.76  computed  for  /  is  comparable  to  that  (11.44)  obtained  for  the 
temperature  perturbation.  However,  the  maximum  temperature  rise  of  0.141  computed 
with  the  temperature  perturbation  is  lower  than  the  maximum  temperature  change  of 
0.2435  obtained  in  this  case.  This  is  to  be  expected  since  with  the  material  defect  modeled 
bv  a  weak  material  a  band  forms  at  a  higher  value  ot  the  average  strain. 
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at  ditferent  values  ot  the  average  strain  Anen  the  material  detei.t  is  modeled  bv  owering  the  'low  .tress 
■  he  material  at  lO  0.  0  375)  ov  iO®^o 
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The  plots  of  the  velocity  field  and  the  effective  stress  look  similar  to  those  shown 
in  Figs.  4  and  5,  and  are  therefore  omitted. 

The  determination  of  the  equivalent  amplitudes  of  the  temperature  perturbation  and 
the  weakness  in  the  material  parameter  ii  m  the  sense  that  the  two  will  result  in  the 
formation  of  the  shear  band  at  the  same  value  of  the  average  strain  is  laborious  and 
has  not  been  attempted  here. 

1 1 1. 3  Effect  of  the  reduction  in  the  strength  of  the  weak  material 

For  the  one-dimensional  problem  Batra  [1988]  found  that  the  temperature  pertur¬ 
bation  with  the  higher  amplitude  hastened  the  initiation  of  the  shear  band.  Here  we 
examine  the  effect  of  introducing  near  the  center  of  the  block  a  weak  material  with 
flow  stress  reduced  by  either  5%  or  lO^'b.  In  each  case  the  initial  velocity  field  given 
by  eqn  (2.23)  was  assumed.  Figures  7  and  8  show,  respectively,  the  contours  ot  /  and 

for  the  two  cases  at  various  values  of  the  average  strain.  As  expected.-  the  existence 
of  a  stronger  defect  enhances  the  i.’:’Maiion  and  development  ot  the  shear  band.  In  each 
case  the  band  forms  essentially  along  the  mam  diagonal,  the  slight  offset  is  possibly 
due  £0  the  singular  nature  of  the  deformations  near  the  top  right  corner.  When  the 
reduction  in  the  How  stress  of  the  material  near  the  center  is  small  the  singularity  in 
the  deformations  near  the  top  right  corner  may  cause  a  shear  band  to  initiate  Irom 
this  point.  With  the  reduction  in  the  How  stress,  at  Yavg  =  0.06  equals  5.32; 
and  It  equals  17.79  for  the  same  value  of  Vavg  but  with  a  lO^t^o  reduction  m  the  How 
stress.  The  higher  value  of  /  increases  the  temperature  of  the  material  within  the  band 
faster  which,  in  turn,  reduces  the  effective  stress  required  to  deform  the  material  plasti¬ 
cally.  The  cumulative  effect  builds  upon  itself  and  enhances  the  growth  of  the  shear 
band.  Whereas  a  shear  band  has  practically  formed  at  7avg  =  0.06  for  the  lO'^o  reduc¬ 
tion  in  the  How  stress,  it  forms  at  Yavg  ~  0.0825  when  the  How  stress  for  the  material 
near  the  center  is  reduced  by  S^b.  The  maximum  temperature  computed  in  the  two 
cases  equals  0.343  and  0.398,  respectively.  We  note  that,  e.xcept  for  the  deiav  in  the 
formation  of  the  shear  band  with  the  5‘^o  reduction  in  strength,  the  results  tor  /  and 
d,  as  well  as  those  for  the  velocity  field  and  the  effective  stress  field,  are  iimiiar  :n 
the  two  cases, 

A  comparison  of  these  results  with  those  reported  by  Batra  and  Lit  (19891  who 
introduced  the  temperature  perturbation  (2.24)  with  t  =  0,2  at  the  center  ot  the  'speci¬ 
men  reveals  that  the  results  agree  qualitatively  with  each  other.  With  the  temperature 
perturbation  the  maximum  values  of  I  and  the  temperature  rise  AO  at  -.3,^  =  0  059  vvere 
computed  to  be  20."’  and  0.249,  .'■espectively  At  =  0.()6  and  with  a  lOS  reduc¬ 
tion  in  the  flow  stress  at  the  center  ot  the  block,  ana  equal  r  "9  and  0  308. 
respectively.  And  these  equal  5  324  and  0.167,  respectively,  wuh  a  5^o  'euuction  n 
the  How  stress. 


I II. 4  Results  with  zero  initial  'onditions 

The  results  presented  above  '^ere  obtained  by  perturbing  a  ^leaav  ^tate  solution  v^e 
now  e.xamine  the  effect  or  initial  conditions,  .f  an>,  on  tne  initiation  and  growtti  ot 
a  shear  band.  Figure  9  depicts  t.be  contours  ‘^t  tne  second  invariant  /  ot  tne  aeviatonc 
strain-rate  tensor  and  tne  temperature  rise  wnen  zero  initial  conditions  ii.e  ,  those  given 
by  eqn  (2.19)),  and  tne  boundary  velocity  field  Ctr)  aefinea  bv  (2.22)  vere  applied 
Also,  m  this  case  the  thermal  conductivity  was  >et  equal  to  zero  The  material  detect 
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Fit}  '  Contours  oi  the  second  invariant  /  or  the  deviatoric  '.tram-rate  tensor  at  diM'erent  '.aiues  of  the  averuee 
'tram  'vhen  the  matenai  detect  is  modeled  bv  '•educing  the  'low  ^tress  oi  -he  material  near  the  center  u  'tie 
block  Dv  either  iFigs  "a-'o  or  5*^0  tFsgs  'd-T) 
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was  modeled  by  eqn  (2.20)  wuh  e  =  0.1  and  .V^  =  (0.0.  0.375),  viz,  the  How  stress 
of  the  material  surrounding  the  point  (0.0,  0.375),  was  presumed  to  be  lower  than  that 
of  the  remaining  material.  A  comparison  of  these  results  with  those  shown  in  Fig.  6 
shows  that  the  precise  values  of  initial  conditions  do  not  affect  the  qualitative  nature 
of  results.  However,  quantitatively  the  results  are  affected  by  the  choice  ot  initial  data. 
As  e.xpected,  the  values  of  computed  for  the  same  value  of  is  higher  when 
the  steady  state  solution  is  taken  as  the  initial  data  as  compareo  to  that  computed  ^vith 
zero  initial  conditions.  One  reason  tor  this  difference  is  that,  in  both  cases,  is 
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Fig.  8.  Contours  of  the  lemperature  rise  S  at  aif'fereni  values  oi  (he  average  strain  when  (he  material  jetect 
IS  modeled  bv  reducing  the  flow  stress  of  the  material  near  the  Ls.nter  or  (he  olock  ov  either  lO^^o  iFigs  'a- sc; 
or  (Figs.  8d-8f) 
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taken  to  be  zero  ai  time  /  =  0.  The  difference  is  reduced  somewhat  oecjuse  oi  aegieci- 
ing  the  heat  transfer  due  to  conduction.  Setting  a:  =  0  snould  resuit  :n  a  dighiK  higner 
temperature  locally  than  would  be  ooiained  if  k  were  positive.  The  Higher  temperature 
softens  the  maienai  more  whicn.  in  turn,  results  .n  mgner  values  of  /.  What  el  feci 
the  thermal  conductivity  has  on  the  computed  results  has  not  vet  been  ascertained.  For 
the  one-dimensionai  simple  snearing  problem,  Batra  [I987bj  used  a  constitutive  rela¬ 
tion  similar  to  eqn  (2.4)  and  found  that  the  thermal  conductivitv  had  verv  iittle  effect 
on  the  initiation  of  the  snear  band.  However,  Merzer  (19831  used  Sooner  and  P\r- 
roM’s  [1975]  constitutive  relation  and  found  that  the  thermal  conductivitv  ^igniticantiv 
affects  the  width  of  the  mear  band. 


Fig  ^  Concours  ot  the  'iccond  invananc  /  of  ihe  deviaionc  ^train-raie  tensor  and  the  temperature  ^nange 
at  ditfereni  '.alues  ot  the  average  strain  when  the  material  detect  is  modeled  ov  educing  the  ilow  stress  ot 
'he  maieriat  bv  !0<^o.  taking  <:ero  initial  conditions  and  setting  the  thermal  v.onuu^.li.it\  \  =  0 
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1 1 1. 5  Maienai  damage  as  a  soj(ening  mechanism 

The  results  presented  thus  t'ai  have  considered  the  material  soitening  caused  dv  the 
rise  in  its  temperature.  Another  possible  softening  mechanism  is  the  nucleation.  ..oaies- 
cence  and  growth  of  voids  and/  or  cracks  in  the  body.  One  way  to  model  this  is  to 
introduce  an  internal  parameter  o  whose  rate  of  evolution  o  is  a  function  of  the  his¬ 
tory  of  deformation  and/or  plastic  working.  If  we  assume  that  o  is  a  function  ot  the 
plastic  working  and  the  material  softening  caused  by  o  can  be  adequately  represented 
by  lowering  the  How  stress  by  (1  -  vo)  where  0  is  a  material  parameter,  then  we  may 
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©  =  A(I  -  vo)D,jD,j{\  +  b[Y”/{prv3I),  (4.:) 

a,j  =  -dip  -  1)6,,  +  {I/v3/)(l  -h  bini  -  V0)D,j,  (4.3) 

where  A  is  a  constant.  In  this  case  the  results  of  section  4.4  may  be  thought  of  as  repre¬ 
senting  the  dynamic  development  of  an  adiabatic  shear  band  m  plane  strain  compres¬ 
sion  of  a  viscoplastic  block  when  the  material  softening  mechanism  is  the  internal 
damage  caused  by  plastic  working. 

IV  CONCLUSIONS 

The  development  of  a  shear  band  in  plane  strain  compression  of  a  block  made  of 
a  thermally  softening  viscoplastic  material  being  deformed  at  an  overall  strain-rate 
of  5,000  sec"‘  has  been  studied.  The  results  computed  when  the  material  defect  is 
modeled  by  perturbing  the  steady-state  solution  for  a  homogeneous  body  (a)  with  a 
superimposed  temperature  bump,  and  (b)  with  the  introduction  of  a  weaker  material 
agree  with  each  other  qualitatively.  The  qualitative  nature  of  the  results  remains  un¬ 
changed  even  when  zero  initial  conditions  are  assumed  and  the  transient  problem  solved. 

When  the  material  defect  is  on  the  vertical  axis  of  symmetry  and  away  from  the  cen¬ 
ter  of  the  block,  a  shear  band  initiates  from  the  site  of  the  defect,  it  propagates  along 
the  direction  of  maximum  shearing  and  is  reflected  back  from  the  boundaries,  the  an¬ 
gle  of  reflection  being  nearly  equal  to  the  angle  of  incidence.  The  shear  stress  within 
the  band  is  considerably  lower  than  that  in  the  surrounding  material.  The  eventual  de¬ 
velopment  of  the  band  along  the  sides  of  the  parallelogram  divides  the  block  into  five 
regions.  The  velocity  field  within  each  region  varies  linearly  anu  sharp  gradients  in  the 
velocity  field  occur  at  the  sides  of  the  parallelogram. 

We  add  that  the  conclusions  drawn  above  are  strictly  valid  for  the  constitutive  model 
used  herein.  However,  similar  results  were  obtained  by  Needleman  {1989|,  Lemonds 
and  Needle-Man  {!986a,1986bl  and  .\nand  et  ai.  [1988]  who  used  different  constitu¬ 
tive  relations  and  the  latter  two  papers  ignored  the  effect  of  inertia  forces.  Possiblv 
sharper  results  could  be  obtained  by  using  a  finer  mesh  and/ or  a  different  ^pace  ot 
trial  solutions  and  test  functions. 
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Abstract“P!anc  strain  thermomechanical  deformations  of  a  thermally  softening  viscoplasiic  body 
containing  a  ngid  non-heat-conducting  arcular  inclusion  at  the  center  are  studied.  The  body  is  deformed 
in  compression  at  a  nominal  strain  rate  of  5000  sec*'  The  flow  vtrcss  of  the  material  of  the  body  is 
assumed  to  decrease  linearly  with  the  nse  in  its  temperature.  Two  different  values  of  the  thermal  softening 
coclficicnt  are  considered.  The  rigid  inclusion  simulates  the  presence  of  second  phase  particles  such  as 
oxides  or  carbides  in  a  steel  and  serves  as  a  nucleus  for  the  miuation  of  a  shear  band. 

It  is  found  that  the  mitnx  material  adjoining  the  ngid  inclusion  undergoes  severe  deformations  The 
strains  in  the  matrix  material  near  the  inclusion  surface  and  adjoining  the  horizontal  axis  are  larger  than 
that  in  the  matnx  matenal  close  to  the  venical  axis  Eventually.  oniN  bands  along  the  main  diagonals  of 
the  cross-section  emerge.  The  speed  of  propagation  of  the  contours  of  constant  maximum  principal 
logarithmic  strain  is  found  to  vaiA  from  II  to  420  m/sec. 


I.  INTRODUCTION 

Johnson  [1]  has  recently  pointed  out  that  the  study  of 
shear  bands  dates  back  to  1878  when  Henry 
Tresca  (2]  observed  hot  lines,  now  called  shear  bands, 
in  the  form  of  a  cross  dunng  the  hot  forging  of  a 
platinum  bar.  Massey  (3]  observed  these  hot  linfii  in 
1921  during  the  hot  forging  of  a  metal  and  noted  that 
'‘when  diagonal  'slipping’  takes  place  there  is 
great  fnction  between  the  particles  and  a  con¬ 
siderable  amount  of 'heat  is  generated.”  Zener  and 
Hoilomon  (4)  stated  that  shear  bands  imuate  when 
thermal  sofiemng  overcomes  the  hardening  due  to 
strain  and  strain  rate  effects.  They  reponed  32-/im- 
wiae  snear  bands  dunng  the  punching  of  a  hole  in  a 
steel  plate.  A  similar  expenmeni  was  performed  by 
.Moss  (5)  wno  computed  strain  rates  within  the  band 
to  be  of  the  order  of  lO^sec"'  The  expenmentai 
observations  of  Cosnn  et  al.  (6),  Hartley  et  aL  (7], 
Giovanoia  (8)  and  Marchand  and  Duffy  (9]  involving 
torsional  aeformaiions  of  thm-wall  steel  luoes  have 
coninbutea  significantly  to  our  understanding  of  the 
initiation  and  growth  of  shear  bands  in  steels  de- 
lormea  at  strain  rates  of  500 sec" ‘  to  3000 sec" 
.Most  of  the  analytical  ( 10“ !  8]  and  numen- 
cal  (19-28)  studies  have  analy+ed  overall  simple 
sheanng  deformations  of  a  viscoplasiic  block.  Differ¬ 
ent  constitutive  relations  have  been  used  to  model 
the  ihermomechamcai  response  of  the  matenal,  A 
matenal  aefect  has  been  modeled  by  introducing  (i) 
a  temperature  perturoauon,  (ii)  a  geometne  aefect 
such  as  a  notch  or  a  smooth  vanauon  in  the  thickness 
of  the  specimen,  (iii)  a  penurbauon  in  the  strain  rate, 
or  (iv)  assuming  that  the  matenal  at  the  sue  of  the 
defect  IS  weaKer  than  the  surrounding  matenal.  The 
^ocus  of  these  siuoies  has  been  to  delineate  factors 


that  enhance  or  inhibit  the  initiation  and  growth  of 
shear  bands.  Nearly  all  of  the  two-dimensional  stud¬ 
ies  (29-36)  have  assumed  that  a  plane  strain  state  of 
deformation  prevails  in  the  body.  These  works  have 
employed  different  consutuuve  relations  and  also 
accounted  for  varying  softening  mechanisms. 

Here  we  solve  numencally  the  coupled  nonlinear 
equations,  expressing  the  balance  of  mass,  linear 
momentum  and  internal  energy,  subjected  to  a  suit¬ 
able  set  of  initial  and  boundary  conditions.  It  is 
assumed  that  a  plane  strain  state  of  deformauon 
prevails  and  the  body  softens  because  of  us  being 
heated  up  due  to  the  plastic  working.  A  material 
defect  or  inhomogencuy  is  modeled  by  introducing  a 
perfectly  insulated  ngid  non-heat-conducung  circular 
inclusion  at  the  center  of  the  body  The  inclusion  can 
be  viewed  as  precipitates  or  second  phase  particles  m 
an  alloy.  These  panicles,  such  as  oxides  or  carbides, 
are  usually  ^ery  strong  relative  to  the  surrounding 
matenal.  and  their  deformauons  can  be  neglected 
Here  we  take  them  to  be  non-heat  conducting 
too.  Results  arc  computed  for  two  different  values  of 
the  thermal  softening  coefficient  and  erara«sis  is 
placed  on  finaing  the  speed  of  propagation  of  a  shear 
band. 

■L  formulation  of  the  PROBLE.M 

We  use  rectangular  Canesian  coordinates  to  study 
plane  strain  deformauons  of  a  pnsmatic  body  with  a 
square  cross-section  and  containing  a  arcular  ngid 
non-heat-conducung  inclusion  at  the  center.  A  cross- 
secuon  of  the  body  is  depicted  in  Fig  1.  We  presume 
that  us  deformations  are  symmcincal  about  the 
honzontal  and  vertical  axes  passing  through  the 
centroid  and  analyze  deformations  of  the  matenal  in 
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ihe  first  quadrant.  Equations  governing  the  defor¬ 


mations  of  the  body  are 

p+pt>„  =  0  (1) 

pao,  =  (2) 

pt)  =  /?fl„  +  Q  (3) 

+  (4) 

2p=(l/V3/)(l4-6/r(l-v«)  (5) 

A,  =  (<'t,  +  P/J/2 

5„  =  2)„-52)u3„  (6) 

=  0) 

Q  =  2p5„5„.  (8) 


These  equations  are  wntten  in  terras  of  non-dimcn- 
sional  vanables  which  are  related  to  their  dimensional 
counterparts,  denoted  below  by  a  supenmposcd  bar. 
as  follows: 

<y  =*<Tffo 

5  »  B<Tq 
7  = 

5  =»  bfffvo 

^0  “  <ro/(poC) 

v-viOq 

P-PPo 

^  ■=*  Po^o/^o 

^  =  Tc/(PqCV^/J) 

\  =  xff.  <9) 

Equations  (1),  (2)  and  (3)  express,  respectively  the 
balance  of  mass,  oalancc  of  linear  momentum  and  the 
balance  of  internal  energy.  Equation  |4)  with  p  given 
by  eqn  (5)  is  the  constitutive  relation  for  the  matenai 
of  the  body.  When  wntten  as 

^bfr(\  (10) 

=  B{p  -  l)<5„-(2/i/3)Z)a<>,  dl) 

It  can  be  viewed  as  expressing  the  generalized  von 
Mises  yield  criterion  with  the  flow  stress  at  a  material 
particle  increasing  with  its  strain  rate  but  decreasing 
with  the  nse  m  the  temperature  of  the  material 
particle  Also,  it  has  been  assumed  that  the  material 
ooeys  Fourier’s  law  of  heat  conduction  with  constant 
thermal  conductivitv  k  In  eqns « 1)  through  ( 1 1 ),  p  is 


I - - 1 

Fig.  1  Cross-section  of  the  pnsmatic  body  studied 


the  present  mass  density  and  po  ihe  mass  density  in 
the  undeformed  and  unstressed  reference  configur¬ 
ation.  r  IS  the  velocity  of  the  matenai  particle  in  the 
direction  x,,  d  \s  the  temperature  nse  at  a  matenai 
particle.  9,  the  reference  temperature,  c  the  specific 
heat,  ^  the  non-dimensional  thermal  diflTusivity.  and 
(To  IS  the  yield  stress  for  the  matenai  of  the  body  in 
a  quasi-siatic  simple  compression  test.  Furthermore. 
<f  is  the  Cauchy  stress  tensor,  s  is  the  deviatonc  stress 
tensor,  parameters  b  and  m  cnaractenzc  the  strain 
rate  hardening  of  the  matenai  and  v  delineates. its 
thermal  softening.  The  quantity  Q  given  by  eqn  <8) 
equals  the  heat  produced  per  unit  volume  due  to 
plastic  \korking,  0  is  the  strain  rate  tensor  and  13 
denotes  its  deviatonc  part.  Here  we  have  assumed 
that  all  of  the  plastic  working  rather  than  90-'^5‘’'o  of 
It,  as  asserted  by  Farren  and  Taylor  {37],  is  converted 
into  heat.  The  non-dimensional  numbers  2  ana  3  in 
eqns  (2)  and  (3)  give,  respectively,  the  magnituae  of 
inenia  forces  relative  to  the  flow  stress  of  the  matenai 
and  the  length  over  which  heat  conduction  effects  are 
imponant.  A  superimposed  dot  stanas  toi  the  ma- 
lenal  time  denvaiive  and  c  =  rv  C  x 
With  uie  non-deformable  and  non-heat-conduenng 
inclusion,  the  boundary  conditions  for  the  matenai  m 
the  first  quadrant  are 


i  .  =  u  7;,  =  0. 

li 

II 

0 

c 

0 

0 

II 

i:  1 

=  a,,  =  0. 

11 

0 

3 

II 

li 

t: 

(7^=0  =  0 

on  me  ngnt  iurtace  1 

1: 3 

4,  =  -  Tin. 

a  .  =  n  Oj  =  0 

on  the  top  surface 

1  1 

t  =  n  - ,  =  0, 

j  n  =  '■>  at  'ne  mterface 

r 

between  'he 
inclusion  and  'ne 
matrix  '  i  2 


That  >  -ill  of  me  'lounaing  :>urfaces  of  the  “^locx 
are  taxen  'o  be  perfectly  .nsulated  The  bouncarv 
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conditions  (12.1)  and  (12.2)  follow  from  the  assumed 
symmetry  of  the  deformations.  The  boundary  con* 
dilion  (12.3)  stales  that  the  nghi  surface  of  the  block 
IS  iraction-free.  Here  n  is  an  outward  unit  normal  to 
the  surface.  The  function  t/(n  in  condition  (12.4) 
gives  the  vanaiion  of  the  presenbed  normal  velocity 
with  lime  on  the  top  surface.  The  contact  between  the 
loading  device  and  the  top  surface  is  taken  to  be 
smooth.  The  boundary  condition  (12.5)  states  that 
the  inclusion  is  ngid  and  non-heat-conducting  and 
there  is  no  sliding  of  the  matrix  maienal  on  the 
common  interface  fg  between  the  matnx  and 
the  inclusion.  The  interface  fg  has  the  parametric 
representation 


or 

=  (13) 

where  is  the  radius  of  the  circular  inclusion.  The 
loading  function  U{t)  is  taken  to  be 


ft/0.005  0</ <0.005 
0.005. 


(14) 


For  the  initial  conditions  we  take 


p(.Y.0)»  1.0 
u,(.v.  0)=*0 

UjfJT,  0) »  0 

0(.t,0)«0.  (15)^ 

The  governing  equauons  (1)  through  (8)  are 
coupled  and  highly  nonlinear.  It  is  difficult  to  prove 
the  existence  and  uniqueness  of  a  solution  of  these 
equations.  Herein  we  seek  an  approximate  soluuon 
of  these  equations  by  the  finite  element  method. 
The  Galerkin  approximation  (38]  of  the  governing 
equations  and  the  boundary  conditions  gives  a  set  of 
coupled  nonlinear  ordinary  differenual  equations 
which  are  integrated  with  respect  to  time  t  by  using 
the  backward  difference  .Adams  method  included  in 
the  subroutine  LSODE(39].  The  subroutine  adjusts 
the  time  step  adaptively  until  it  .can  compute  a 
solution  of  the  ordinary  differential  equations  within 
the  presenbed  tolerance  We  use  four-noded  isopara- 
metne  quadniaterai  elements  to  discretize  the  domain 
and  the  lumped  mass  matnx. 


3.  COMPUTATION  AND  DISCUSSION  OF  RESULTS 

In  order  to  compute  numenca!  results,  we  took  the 
following  values  of  vanous  maienal  and  geometne 
parameters.  The  values  of  maienal  parameters  are 
representative  of  a  typical  hard  steel. 


5=  10,000  sec 
ag  =  333  MPa 
1^  =  49  12Wm-'  X 


m  =  0.025 
r=^473J'kg  C 
p,  =  7800  kg;m' 

5=  128GPa 
H  -5  mm 
f  =  25  m/scc 
/?.,  =  0.05  mm 

v  =  O.OOI85-C-'  orO.OI'C-'  (16) 

For  these  values  of  maienal  parameters.  t)g  = 
89.6‘C.  2=0015  and  /?  =  1.66x10'*  The  pre¬ 
sumed  values  of  the  thermal  softening  coefficient  are 
taken  to  be  large  so  as  to  reduce  the  computational 
resources  required  to  solve  the  problem.  A  compan- 
son  of  the  results  for  two  values  of  v  should  enable 
us  to  delineate  the  effect,  if  any.  of  the  value  of  the 
thermal  softening  coefficient  upon  the  development 
of  a  shear  band.  The  finite  element  mesh  used  to 
compute  results  is  shown  in  Fig.  2.  The  mesh  is  very 
fine  in  the  region  surrounding  the  inclusion  and 
gradually  becomes  coarse  as  we  move  away  from  it. 
No  attempt  was  made  to  align  the  element  sides  so 
that  they  are  parallel  to  the  direction  of  maximum 
shcanng  at  the  time  of  the  initiation  of  a  shear  band. 
We  note  that  Needleman  (31)  has  suggested  that  such 
a  mesh  will  resolve  better  the  sharp  gradients  of  the 
deformation  within  and  near  the  band. 

.  3.1.  Results  tor  v  =OOOI85/’C 

Since  the  effective  stress  at  matnx  points  abutting 
the  ngid  inclusion  is  non-uniform  and  is  expected  to 
be  higher  than  that  at  matnx  points  far  away  from 
the  inclusion,  it  is  not  immediately  clear  where  the 
band  will  initiate  first  .Accordingly  we  have  plotteq 
in  Figs  3a  through  3c  the  evolution  of  the  maximum 
pnncipal  loganthmic  strain  £,  the  temperature  nse 
and  the  effective  stress  at  points  .A( 0.0 1 59, 0  00124), 
8(0.0209.  0  00124),  00  0259.0  00124),  EfOOllO. 
O.OIIO).  F(0  0142.  0.0142)  and  G(0  501,  0  00202) 
The  logantfunic  strain  s  is  defined  as 

c  =  in  2:  -in  1 17) 

where  /:  and  are  the  eigenvalues  of  the  nght  (or 
left)  Cauchy-Green  tensor  The  second  relation  in 
eqn  <  17)  follows  from  the  observation  that  the  defor¬ 
mations  are  nearly  isochonc.  Note  that  the  point  G 
IS  far  away  from  the  inclusion,  and  points  A,  B,  C  are 
on  the  same  honzontal  line  with  A  being  closest  to  the 
inclusion  surface  Points  E  and  F  arc  on  the  line  that 
makes  an  angle  of  45'  with  the  honzontal.  The 
evolution  of  the  maximum  pnnapai  loganthmic 
strain  £,  the  temperature  nse  and  the  effective 
stress  at  points  P(0.00i24.  0  0170),  Q(0  00124, 0  021), 
R(0.00124,  0  0260),  T(0  00624, 0.0210),  U(0  00478. 
0.0245)  and  V(0  00142, 0  501)  are  depicted  in  Figs  4a 
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Fig,  2.  Fimur  clement  djscrcuzaiion  of  ihe  domain. 
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Fig  3a  Evolution  of  'he  Tiaxiraum  pnncipai  oganthmic  strain  at  ooints  MO  01 59  ’}')0124), 
3^0  0209.0  001:4).  00  0259,0  00124).  EtO.OIlO. 0 ollO).  FiO 0142,  0 0142)  and  GiO  501  000202) 

IV  =  0.001  S5  C) 
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Fig.  3c.  Evolution  of  the  effective  stress  at  points  A.  B.  C.  E.  F  and  G  (v  =0  00185- 'O 


through  4c.  Note  that  points  P.  Q  and  R  arc  on  the 
same  vertical  line,  with  P  being  .nearest  to  the  in¬ 
clusion  surface.  The  point  V  is  near  the  vertical  axis 
but  far  removed  from  the  inclusion  ana  the  top 
loading  surface. 


The  plots  of  the  maximum  pnncipal  logarithmic 
strain  at  these  points  reveal  that  the  deformation  in 
the  matnx  is  rather  miniscule  out  that  at  points  close 
to  the  inclusion  surface  it  is  quite  large  The  rates  ot 
evolution  of  e  at  points  G  and  V.  whicn  are  far 
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removed  from  the  inclusion  and  are  near  the  horizon* 
tai  and  vertical  axis,  respectively,  are  nearly  the  same. 
At  each  instant,  the  value  of  s  at  point  A  is  much 
higher  than  that  at  point  P,  suggesting  thereby  that 
the  material  surrounding  point  A  is  deforming  more 
severely  than  that  adjoining  point  P.  Since  the  values 


of  £  at  points  A  and  B  are  essentially  the  same  and 
these  are  slightly  more  than  that  at  point  C,  one  is 
tempted  to  conclude  that  the  band  initiates  at  point 
A  and  propagates  from  A  to  C.  The  rather  significant 
values  of  6  at  points  E  and  F  which  are  higher  than 
the  values  of  e  at  points  P  and  Q  suggest  that  the  band 


AkClMZSTIUM 

Fig.  4a.  Evolution  of  ihe  mtximtim  pnnapaJ  logamhmic  strain  at  points  PfO  00124  0  01"0). 
0(0.00124,0.0210).  R(0  00124, 0.0260):  7(0.00624.0.0210).  U(0,00478. 0  0245)  and  V(0  00142.  0  :01 

(V  =  0.001 85/T). 
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Fig  -ib  E\0'U[ion  oi  ’.ne  temperature  rise  at  points  P  R.  T  L  anc  'v  =')t)0lx5  <' 
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imuaiing  from  pomi  A  also  propagates  towards 
points  E  and  F.  The  contours  of  e  plotted  m  Fig.  5 
suggest  that  the  localization  of  deformauon  imuaung 
at  points  ?,  Q.  and  R  propagates  towards  points  E 
and  F,  The  band  ongmaung  from  the  region  enciol- 
mg  points  A  and  3  merges  with  the  band  initialing 
from  the  region  surrounding  poinu  P,  Q,  and  R  and 
eventually  the  two  propapte  as  a  single  band  along 
the  diagonal  of  the  block.  We  rote  that  for  the  ngid 
non<heat’€onducung  ellipsoidal  inclusion  (35],  a  band 
initiated  from  us  vertex  on  the  major  axis  and 
propagated  into  the  mainx  m  the  direction  of  the 
maximum  sheanng.  A  possible  explanation  for  the 
value  of  a  at  point  R  being  higher  than  that  at  points 
E,  F.  P,  and  Q  is  that  the  band  ongmaung  from  the 
region  surrounoing  points  A  and  B  and  propagating 
towards  E  and  F  influences ’the  deformations  of  the 
region  around  point  R.  Aho,  different  components  of 
tne  stress  and  strain  tensors  exhibit  smgulanues  of 
different  orders  (40)  m  regions  surrounding  points  A 
and  P  Thus  plastic  working  which  equals  .'r<<rD) 
need  not  be  maximum  at  the  point  wnere  ihc  peak 
value  of  £  occurs.  The  computed  values  of  the  tem^ 
perature  nse  at  point  R  indicate  that  /r(<yO)  is  lower 
at  R  as  compared  to  us  value  A  other  neighbonng 
points  considered.  The  computed  values  of  the  effec¬ 
tive  stress  plotted  in  Figs  3c  and  4c  support  the  view 
that,  as  the  lempe^aiure  at  a  matenal  point  nses,  u 
becomes  softci  and  requires  less  effective  stress  for  it 
to  deform  piasiicaily.  The  effective  stress  at  points  far 
away  from  the  inclusion  surface  essentially  >tays 
cou:4anf  whereas  that  at  points  .near  the  inclusion 
surface  drops  to  very  low  values. 


After  having  determined  that  a  shear  band  propa- 
gates  along  the  mam  diagonal,  we  And  us  speed  of 
propagtuon  as  follows.  We  flx  two  points  in  its  path 
and  determine  the  values  of  the  time  when  a  contour 
of  the  maximum  pnnapal  loganthmic  strain  e  arrives 
at  these  two  points.  The  computed  speed  of  propa* 
gallon  IS  found  to  depend  upon  the  pair  of  points 
used  and  the  value  of  e.  The  results  are  summanzed 
m  Table  1 

Note  that  the  values  of  the  temperature  nse  and  the 
loganthmic  strain  at  these  observation  points  are  not 
the  same,  implying  thereby  that  the  speed  of  propa¬ 
gation  of  an  £ -contour  at  a  point  depends  upon  the 
state  of  deformation  at  that  point.  Batra  and 
Zhang  (36),  wno  used  the  constitutive  relation  t4)  to 
study  the  development  of  shear  bands  at  void  tips  in 
a  viscopiasiic  cylinder  loaded  miemally  by  an  impact 
load,  found  that  contours  of  £  =  0  2524  and  0  43" 
propagated  at  speeds  of  !  15.2  and  14miSec,  respect¬ 
ively.  Necdleman  (31)  who  studied  plane  strain  defor¬ 
mations  of  a  viscopiasiic  block  deformed  in  simple 
compression  and  used  a  quite  different  constitutive 
relation,  found  that  contours  of  constant  values  of 
propagated  at  speeds  ranging  from  590  to  2500  m^sec 

3.2,  Results  for  v  =0.01.'C 

Figures  6a,  6b  and  6c  depict,  respectiveiv,  the 
evoiuucn  of  the  maximum  pnncipal  loganthmic 
strain  £,  the  temperature  nse,  and  the  effective  stress 
at  points  A,  8.  C,  D,  E  and  F  i0.0l77,  0  0177)  A 
companson  of  these  wrh  the  results  plotted  m  Figs  3a 
through  3c  reveals  that  d  is  now  easy  to  decipner 
when  a  shear  band  initiates.  At  a  nominal  strain  oi 


approximately  0.0105,  the  values  of  e  at  points  A  and 
B  begin  to  increase  sharply.  A  similar  behavior  occurs 
at  other  points  considered,  except  point  G,  which  is 
far  removed  from  the  inclusion  surface.  The  tempera¬ 
ture  rise  and  the  effective  stress  exhibit  trends  similar 
to  those  observed  for  v  =0.00185/°C.  As  expected. 


the  localization  of  the  deformation  occurs  sooner  for 
the  larger  value  of  v.  The  evolution  of  t,  the  tempera¬ 
ture  nse  and  the  effective  stress  at  points  P,  Q,  R,  T, 
U  and  V  shown  m  Figs  7a,  7b  and  7c,  respectively, 
also  indicate  that  it  is  easier  to  delineate  the  initiation 
of  a  shear  band  from  the  s  versus  average  strain 
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Tabic  1. 


£ 

Co-ordinates  of  points  used 

Computed  speed 
(m/scc) 

0  025 

(0.0623. 0.0625).  (0.0994, 0  0997) 

34  97 

(0.350.0.349).  (0.470,0  471) 

170  78 

(0  470. 0  226).  (0.679. 0  699) 

160  84 

0  050 

(0  227.0  226).  (0.336.0  335) 

51  63 

(0  454. 0  453).  (0  660. 0  658) 

96  64 

(0  649. 0  628).  (0  660, 0  658) 

52  57 

0  10 

(0  339,0  338).  (0  460.0  459) 

42  69 

(0.460. 0  459),  (0.544, 0.543) 

59  57 

0.150 

(0.235.0  234).  (0  353,0.352) 

19  62 

(0  353.0.352).  (0  460.0459) 

43.12 

0.20 

(0  099,0.0994),  (0.227.0.226) 

11  97 

(0.227,0.226).  (0  303.0.302) 

1261 

0.25 

(0  0647, 0.0649),  (0.0997, 0.0994) 

10  93 

(0.0997, 0  0994).  (0.1 50.0  151) 

42  29 

curve.  For  the  larger  value  of  v,  the  values  of  t  at 
points  P,  Q  and  T  are  higher  than  those  at  points  R 
and  U.  However,  £  assumed  larger  values  at  points  R 
and  S  as  compared  to  those  at  points  P.  Q  and  T  for 
the  smaller  value  of  v  The  curves  of  the  temperature 
nsc  and  the  effective  stress  are  similar  for  the  two 
cases. 

As  for  V  =*0.00185/  C.  only  a  single  band  eventu¬ 
ally  developed  along  the  mam  diagonal.  The  speeds 
of  propagation  of  contours  of  constant  e.  found  by 
the  method  stated  above,  are  listed  in  Table  2.  We 
note  that  these  are  average  speeds  for  a  contour  of 
constant  t  to  propagate  from  one  point  to  another 
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Fig  6a  Evolution  of  the  maximum  pnncipai  loganthmic  strain  at  points  A  B.  C  E,  F(0  0177. 0  0!  77) 

and  G  i  v  =0  01,'  C) 


point.  For  points  that  arc  very  near  to  each  other,  the 
average  speed  will  be  close  to  the  instantaneous  speed 
of  propagation  of  the  contour  of  constant  s 
In  each  case  studied  above,  the  computations  were 
stopped  when  a  material  point  melted.  In  Fig.  S.  the 
average  load  versus  average  strain  curve  is  plotted  for 
the  two  values  of  v  In  each  case,  the  solid  curve 
corresponds  to  the  case  when  there  is  a  ngid  inclusion 
present  m  the  block.  The  average  compressive  force 
IS  defined  as 

(18) 
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av€RAC€  straw 

Fig  6c  Evolution  of  the  etfective  ■stress  at  points  -X  B  C  E  F  and  G  u  Ci 


The  integral  in  eqn  il8)  is  evaluated  numencallv 
by  using  values  of  -J;;  at  quadrature  points  on  the 
top  loading  surface  The  initial  almost  linear  increase 
of  the  load  is  aue  to  the  linear  increase  of  the 
applied  velocity  held  Due  to  the  heating  ot  me  dock 
caused  by  .ts  piastic  deformations,  me  material 


soitens  ana  the  !oao  required  o  aeiorm  t  Uei^reases 
The  jecrease  in  the  oad  s  more  tor  he  ->iock 
containing  a  ngid  indusiun  because  a  ne  -lULieatiun 
of  a  shear  oana  n  'i  Once  i  bana  nas  nucleated 
'he  .Odd  ’■equireo  'o  delorm  t  iiavs  o'.ver  nan 
that  tor  the  homogeneous  jigniiving  'he  osver 
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load  carrying  capacity  of  the  member  once  a  is  less  accurate  than  that  in  the  intenor  of  the 

shear  band  develops  in  it.  The  oscillations  in  the  block.  Note  that  contours  of  different  values  of 

applied  load  are  possibly  due  to  the  inhomogeneous  e  amve  at  elements  m  the  top  row  at  different 

deformation  of  the  top  rows  of  elements  and  times  and  affect  the  stress  disinbuiion  in  these 

the  computation  of  tractions  at  the  boundary  points  elements. 
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Fig.  7a.  Evoluuon  of  the  maximum  pnndpal  logtntJimic  strain  at  points  P.  Q,  R.  T.  U  and  V 

(»-»0.0irC) 
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Fig.  7b  Evolution  of  the  temperature  nsc  at  points  P.  Q,  R.  T.  U  ano  V  =0  01  Cl 
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Table  2, 


£ 

Co^ordiMtes  of  points  used 

Computed  speed 
(m/$ec) 

0.020 

(0.0609, 0.061 1).  (0.0965, 0.0962) 

33  35 

(0.301, 0.322),  (0.508, 0.506) 

425.86 

(0.609,0.611),  (0.564.0  603) 

109  58 

0.025 

(0  0550. 0.0548),  (0.0953. 0.0950) 

38  0 

(0  225. 0.241).  (0  280  0  30) 

109  24 

u) 
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Fig  S  Compressive  force  versus  average ’strain  I  a)  V  =  0  00185  C  d)v=0UI  C  -  -Homogeneous 
“slock  - Block  Aith  ihe  ’ncmsion 
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4.  CONCLUSIONS 

We  have  studied  the  problem  of  the  initiation  and 
growth  of  a  shear  band  in  a  viscoplasttc  block 
containing  a  ngid  circular  inclusion  and  being  de¬ 
formed  m  plane  strain  compression  at  a  nominal 
strain  of  5000 sec"'  Results  have  been  computed  for 
two  values  of  the  thermal  softening  coeffiaent  In 
each  case  the  matrix  matenai  adjoining  the  surface  of 
the  ngid  non-heai-conducting  inclusion  undergoes 
severe  deformations;  that  near  the  horizontal  axis 
deforms  more  intensely  as  compared  to  the  one  along 
the  vertical  axis  of  the  block.  Eventually  a  shear  band 
develops  along  the  diagonals  of  the  block.  A  narrow 
zone  of  matenai  surrounding  the  inclusion  continues 
to  deform  severely  The  sp<jed  of  propagation  of  the 
contours  of  the  constant  maximum  pnncipal  logar¬ 
ithmic  strain  £  is  found  to  vary  from  1 1  to  420  m/scc. 
The  speed  depends  upon  £  as  well  as  the  points  in  the 
path  of  the  shear  band  used  to  compute  the  speed.  At 
the  time  of  the  imitation  of  the  shear  band,  the  rate 
of  increase  of  £  at  a  point  is  greater  for  the  higher 
value  of  the  thermal  softemng  coeffiaent  than  that  for 
the  lower  value  of  the  coeffiaent  of  thermal  softening. 
Also,  contours  of  constant  £  propagate  faster  when 
the  value  of  the  coeffiaent  of  thermal  softening  is 
increased. 
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Abstract 


Adiabatic  shear  bands  are  narrow  regions  in  which  the  shear  strain 
IS  several  orders  of  magnitude  higher  chan  that  in  the  adjoining 
regions.  Because  of  the  steep  gradients  of  deformation  wichin  and 
near  chese  bands,  a  properly  graded  mesh  is  required  for  a  satisfact¬ 
ory  resolution  of  the  details  of  the  deformation  field.  Here  we  use 
the  scaled  residuals  in  the  equations  expressing  the  balance  of  linear 
momentum  and  the  balance  of  internal  energy  to  refine  the  mesh  adap¬ 
tively.  The  computed  results  show  chat  the  two  balance  laws  generally 
require  refinement  of  the  mesh  in  different  regions. 

Adiabatic  shear  banding  refers  to  the  localization  phenomenon  that 
occurs  during  many  high^rate  plascie  deformation  processes  such  as 
machining,  shock  impact  loading,  ballistic  penetration,  and  metal 
forming.  As  shear  bands  are  believed  to  be  precursors  to  material 
fracture,  a  knowledge  of  factors  that  inhibit  or  enhance  their  initia¬ 
tion  and  growth,,  is  essential  to  the  production  of  durable  materials 
and  the  design  of  optimum  processing  environment  and  conditions. 

The  interest  in  adiabatic  shear  banding  seems  to  nave  started  with 
tne  work  of  Zener  and  Hollomonfl)  who  observed  32  urn  wide  shear  bands 
in  a  steel  place  punched  by  a  standarc  aie  and  escimaceo  the  maximum 
strain  in  the  band  to  be  100.  Analytical  studies  aimed  at  finding 
critical  conditions  necessary  for  the  initiation  anc  growth  of  adiab¬ 
atic  shear  bands  include  the  work  of  Clifcon(2],  Bai(3|,  Scaker(4], 
3ums(5),  Anand  et  al.[6j.  and  Urighc(7]  ExperimencaL  investigations 
have  Deen  carried  out,  among  others,  by  Costin  et  al  [8],  .Moss(9], 
Lindholm  and  Jonnson(10j,  and  .Harcnand  and  Duffy(ll]  Of  these,  Mar- 
chand  and  Duffy(ll)  have  provided  a  detailed  history  of  the  tempera¬ 
ture  and  strain  field  during  the  iniciation  and  development  of  a  shear 
band.  Numerical  computations  of  Clifton  et  al.(12),  Urighc  and 
*vacra(13j,  'Jright  and  Walcer(14j,  3acra(15),  and  Bacra  and  Kim(16] 
have  revealed  some  interesting  aspects  of  adiabatic  shear  banding, 
'whereas  chese  investigations  involved  analyzing  simple  shearing  defor¬ 
mations  of  a  viscoplastic  block,  recently,  Needleman( 17 ) ,  and  Batra 
and  Liu(181  studied  the  initiation  of  shear  bands  in  plane- strain 


72 


82 


aC.  BATRAandC.H.  KIM 


deformations  of  viscoplascic  solids.  All  of  the  numerical  studies 
referred  to  above  have  used  a  fixed  finite  element  or  finite  differ¬ 
ence  mesh.  In  general,  the  computed  results  depend  upon  the  mesh 
used.  Needleiian[19]  has  disc\issed  this  aspect  in  donsiderable  detail. 
A  robust  code  should  have  a  properly  graded  mesh  and  should  be  able  to 
compute  results  with  the  least  usage  of  the  CPU  time. 

Drew  and  Flaherty (20)  have  used  the  moving  grid  method  to  develop 
an  adaptive  finite  element  code  that  automatically  locates  regions 
with  large  gradients  and  concentrates  finite  elements  there  in  order 
to  minimize  approximately  the  discretization  error  per  time  step. 
Pervaiz  and  Baron(21]  have  discxissed  an  adaptive  technique  which  ref¬ 
ines  the  spatial  and/or  temporal  grid  whenever  preselected  gradients 
exceed  the  threshold  levels  and  have  applied  it  to  study  quasi-one- 
dimensional  unsteady  flow  problems  involving  finite  rate  chemistry. 
Herein  we  use  the  local  refinement  method  to  develop  an  adaptive  mesh 
refinement  technique  that  makes  the  scaled  residuals  uniformly  dis¬ 
tributed  within  the  domain.  The  technique  is  applied  to  study  the 
simple  shearing  deformations  of  a  viscoplascic  block  whose  material 
exhibits  strain  and  strain- race  hardening  and  thermal  softening. 
Results  computed  with  a  fixed  mesh  and  an  adaptively  refined  mesh  dif¬ 
fer  quantitatively  only  after  the  deformations  have  started  to  local¬ 
ize.  Also  it  is  found  chat  the  residuals  in  the  balance  of  the  linear 
momentum  and  the  balance  of  internal,  energy  are  generally  not  high  in 
the  same  region.  Thus  different  regions  need  to  be  refined  to  lower 
the  residuals  in  the  two  equations. 


2.  Goveminz  Equations 


Equations  governing  the  overall  adiabatic  thermomechanical  defor¬ 
mations  of  a  viscoplascic  block  bounded  within  the  planes  y  -  il  and 
undergoing  simple  shearing  deformations  are(13.15) 


V  -  a/p)  S.y.  (?  1) 

9  -  ^  S7p  .  (2  2) 

s  -  M(v.y  •  7p)  .  (2.3) 

0  -  S7p/(1  +  .  (2 

1  s 

7p  -  max(0.  -(( - *  D]  .  (2  3) 

b  0 

(1  — )"(1  *  cr$) 


with  boundary  conditions 


v(rl.  O  -  ±1  .  ^ .y(±L,  t)  -  0  ^2 

and  a  suitable  sec  of  initial  conditions.  These  equations  are 
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wriccen  in  terns  of  nondimens ional  variables  related  to  cheir  dimen¬ 
sional  counterparts,,  indicated  below  by  a  superimposed  bar.  as  fol¬ 
lows  : 


y  «  y/H,  V  -  v/Vq,  c  -  t  v^/H.  s  -  s/s^  . 

9  -  -  Sg/pc.  p  -  p  V  /Sg,  k  -  k/(pcVgH)  .  v2  7) 

0 

0  J  ,  or  -  atfg,  b  -  b  Vg/H. 

Here  Vg  is  the  velocity  imposed  on  the  cop  and  bottom  surfaces  of 
the  block  of  height  2H  and  Sg  is  the  flow  stress  in  a  quasistacic 
simple  shear  test.  Eqxiations  "'2.1)  and  (2.2)  express,  respecrively , 
the  balance  of  linear  nomentrja  and  the  balance  of  internal  energy  In 
these  equations  p  is  the  mass  density,  9  the  temperature  change  of  a 
material  particle  from  Chat  in  the  reference  configuration,  k  the 
thermal  diffusivity,  7p  the  plastic  strain- rate,  p  che  shear  modulus. 
0g  and  n  characterize  the  work  hardening  of  che  material,  parameters  b 
and  m  describe  its  strain- race  hardening  and  a  the  thermal  softening 
Furthermore,  a  superimposed  doc  indicates  che  material  time  derivative 
and  a  cooma  followed  by  y  stands  for  partial  differentiation  with 
respect  to  y.  In  writing  eqn.  (2.3)  we  have  assumed  that  che  strain- 
rate  7  has  an  additive  decomposition  into  elastic  7e  plastic  parts 
7p.  i.e. 

7  -  7«  +  7p.  I  2  8) 

The  internal  variable  0  rather  th^n  the  plastic  strain  7p  is  used 
to  describe  che  work-hardening  o£  che  material  and  accounts  approxi¬ 
mately  for  che  history  of  the  deformation.  The  race  of  evolution  of  0 
is  assumed  to  be  given  by  equation  (2.4)  Equation  (2.5)  states  chat 
che  plastic  strain- cate  vanishes  whenever 

S  <  (1  +  — )«(1  -  :  ^2  9) 

^o 

ocnerwise  it  is  computed  by  solving  che  equation 

0 

s  -  (1  +  —),”(!  -  ct9)  (1  +  b  7p)“  '2  20) 

'>o 

which  is  a  slight  generalization  of  che  Litonski  equation,  n 
detailed  discussion  of  constitutive  assumptions  (2  -*)  .  (2  5).  (2 
and  (2.10)  is  given  in  Refs.  13  and  16.  The  boundary  conditions  >2  6) 
imply  chat  che  body  is  placed  in  a  hard  perfectly  insulated  loading 
device  in  che  sense  that  che  tangential  velocity  is  prescribea  on  its 
cop  and  bottom  faces  which  do  not  exchange  heat  with  their  surrouna- 
ings 

For  che  initial  conditions  we  cake 
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v(y,0)  -  y,.  0(y,O)  -  0  , 

^(y.O)  -  0.1  +  0.1  (1  -  y2)5  exp(-5y2),  (2  11) 

s(y.O)  -  (1  .  a^(y,0))(l+b)“  . 

and  seek  solutions  which  exhibit  the  properties 

v(.y  .  -  *v(y.c).  s(-y.c)  -  s(y,t),  5(*y,t)  -  5(y,t)  (2  12) 

Thus  the  problem  needs  to  be  solved  on  the  domain  0  <  y  <  1  with 
the  boundary  conditions  (2.6)  replaced  by 

v(l.c)  -  1.  ^.yd.c)  -  0.  v(O.c)  -  0,  3,yi0,z)  -  0  i2  13) 

The  initial  conditions  (2.11)  imply  that  the  transients  have  died 
out.  The  second  term  on  the  right-hand  side  of  (2.11)2  gives  the 
temperature  perturbation  which  simulates  a  material  inhomogeneity  or 
defect  in  the  body.  The  size  and  shape  of  the  temperature  perturba¬ 
tion  is  supposed  to  model  the  strength  and  distribution  of  the  mate¬ 
rial  defect.  The  final  width  of  the  shear  band  should  not  depend  upon 
the  assumed  form  of  (2.11)2  which  waa  also  used  in  Refs.  13-16.  The 
body  is  initially  taken  to  be  heated  to  a  temperature  of  0.10  to 
reduce  the  CPU  time  required  to  solve  the  problem.  Our  aim  here  is  to 
see  how  the  residuals  in  the  balance  of  linear  momentum  and  balance  of 
internal  energy  are  distributed,  refine  the  mesh  accordingly,  and  see 
if  Che  mesh  refinements  lead  to  superior  results. 

We  use  Galerkin's  approximacion(22)  and  piecewise  linear  finite 
element  basis  functions  to  derive  a  semi-discrete  formulation  of  tne 
problem  defined  by  equations  (2.1)  -  (2.5),  (2,11)  and  (2.12),  and  the 
Crank-^’icoIson  method  to  integrate  the  resulting  nonlinear  coupled 
ordinary  differencial  equations.  The  details  of  obtaining  the  nonli¬ 
near  algeoraic  equations  from  (2  i)  -  (2.5),  (2  11)  and  (2  12)  are 
given  in  Ref.  15 

3  .An  Adaptive  Mesh  Refinemenc  Tecnnique 

We  employ  the  mechoo  of  scaled  residuals,  similar  to  tnac  outlined 
oy  Carey  ana  Oden(231 ,  to  selectively  refine  the  mesh  in  appropriate 
subregions  of  the  domain  Thus  it  is  tacitly  assumed  that  a  large 
scaled  resiaual  in  a  subregion  implies  that  the  solution  is  inaccurate 
there.  Other  refinement  criteria  such  as  the  gradient  of  a  solution 
variable  exceeding  a  preassigned  value  could  have  been  employed.  what 
IS  the  most  appropriate  rule  for  the  problem  at  hand  is  an  open  ques¬ 
tion  No  a  prion  estimates  are  available  because  of  the  strong 
nonlinearities  present  in  the  problem.  We  have  used  the  following 
procedure  to  refine  the  mesh  adaptively  in  the  spatial  domain 

I  Define  an  initial  mesh  and  find  an  approximate  solution  of 
equations  v'2,I)  •  >,2  6)  and  (2  II)  until  the  ti.me  tne  mesn  is 
to  oe  checked  for  possible  refinemenc 


2.  Using  ch€  solution  computed  in  step  1.  calculate  the  scaled 
element  residual 


R  -  —  ( 


Oe 


dy)^/^  ,  Q  -  1,2 


Here  2g  is  the  length  of  element  Qg,  and 


•  •  k 


the  superscript  h  indicates  chat  the  corresponding  field  vari¬ 
able  IS  computed  from  the  approximate  solution.  Ue  note  that 
r]^  and  r2  equal,  respectively,  the  errors  in  satisfying  the 
balance  of  linear  momentum  and  the  balance  of  internal  energy 
Ve  have  used  4-point  Gauss  quadrature  rule  to  evaluate  numeri¬ 
cally  the  integral  in  equation  (3.1). 

3  Find  the  mean  (M^)  and  the  standard  deviation  (M®)  of 
the  set 


(R  )  of  scaled  element  residuals. 


4.  Cycle  over  the  elements.  If  in  an  element  either 


-  (R^  -  R^)/a^  >  1.0  . 


C2  *  (R^  •  R'>)/a2  >  1.0 


subdivide  the  element  into  tvo  equal  elements  .^t  the  newly 
introduced  nodes  the  variables  are  assigned  values  oocained  by 
linear  incemolation  of  the  solution  computed  .n  step  1 

The  mesh  is  replaced  by  this  new  mesh,  and  we  repeat  steps 
I  through  4 


Results  for  a  Sample  Problem 


V/e  illustrate  the  aforementioned  adaptive  mesh  refinement  cech- 
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nique  by  computing  results  for  a  sample  problem  and  assign  values  to 
various  material  and  geometric  parameters  as  tollows: 

p  -  3.928  X  10*5,  ^  «  3  978  ^  lO*^,  p  -  240.3,  m  -  0.025.,  (4  1) 

n  -  0.09.  -  0.017,  a  -  0.4973,  b  -  5  x  10^.  Tq  "  -  500  sec’^ 


These  values,  except  for  o,  are  for  a  typical  steel.  Ue  chose  a 
rather  high  value  for  o,  equal  to  seven  times  chat  for  a  typical 
steel,  to  cut  down  on  the  CPU  time  required  to  solve  the  problem.  Not 
knowing  in  advance  at  what  values  of  time  c  to  refine  the  mesh,  we 
tried  the  following  three  alternatives: 


1.  Refine  the  mesh  at  t  -  2  ps .  20  ps.  -*0  us.  60  us .  30  ps .  100 
MS.  120  MS.  140  MS.  160  us,  and  180  us 

2.  Refine  the  mesh  at  t  -  2  ms,  70  ms.  80  ms.  90  ms .  100  ms.  110 
MS.  120  MS,  130  MS.  155  MS,  and  180  ms 

3.  Refine  the  mesh  at  t  •  2  ms,  60  ms,  120  us,  130  ms.  140  ms, 
150  MS,  160  MS,  170  MS,  180  ms,  and  185  ms. 


Y  •  coordinate 


T  -.1  t  =  -M)  abcc 

0  GC  C  25  0.50  0  ^5  00 

Y  -  coorcinatc 


0  I - 

0  00 


t  =  oO  ..see 

0  2  5  o""3  0  bo 

Y  •  coordinate 


r ipure 


Distnoution  or  cne  refinement  criterion  C,  and  C.,  at  :  =  2 
20  js,  -kO  -s  and  bO  us.  <Soiia  line:  Linear  Momentum; 
Dotted  Line:  Internal  Energy; 
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For  each  one  of  these  choices,  different  meshes  were  computed  for 
c  -  1^0  ps  but  the  results  were  virtually  indistinguishable  up  to  and 
including  t  -  1^0  /is.  Also  the  deformation  had  localized  prior  to  the 
next  refinement  of  the  mesh.  We  took  the  solution  at  t  -  120  ps  as 
the  initial  data  and  restarted  the  job  with  the  mesh  to  be  refined  at 
every  A  ^is  interval  until  t  -  lAO  /is .  The  mesh  was  not  refined 
subsequently.  The  initial  mesh  at  t  -  0  had  20  uniform  elements.  The 
final  mesh  at  t  -  lAO  /iS  had  458  non-uniform  elements  of  which  A23 
were  located  between  0  and  0.10. 


V  -  coordinate  V  ■  coordinate 


V  ■  coordinate 


Y  -  coordinate 


Figure  2.  Distribution  of  the  refinement  criterion  and  C2  at  c  =  80  us, 
100  us,  120  us,  12A  us.  (Solid  Line:  Linear  Momentum; 

Dotted  Line:  Internal  Energy) 


78 


88 


R.C.  BATRA  and  C.H.  KIM 


-3.  Oi 


t  =  136  Hide.' 


0.000  0.025  0.050  O-OrS  O.  -  00 

Y  •  coordinate 


-2.5 


I 

t  =  aSec 
0 . 000  O  .  025  0  .  OSO  0  0^50. 

Y  •  coordinate 


Figure  3.  Distribution  of  the  refinement  criterion  ana  C.,  at  :  -  .33  _s,, 
132  as.,  136  as,  UO  -s.  (Solid  Line:  linear  Momentum; 

Dotteo  line:  Internal  Energy) 


Figure  I  depicts  the  distribution  of  the  refinement  criteria 
and  Co  at  t  -  2  js.  20  ms,  ^0  as  and  60  ms.  Initially  the 
distribution  of  scaled  residuals  in  equations  expressing  the  oalance 
of  linear  momentum  and  the  balance  of  internal  energy  require  refine' 
ment  of  the  mesh  in  different  regions  However,  for  t  >  60  us  the 
scaled  residuals  in  both  equations  are  relatively  high  only  near  the 
center  of  the  block.  Thus,  ve  have  plotted  in  Figures  2  and  3  tne 
distribution  of  Ci  and  C2  within  0  <  y  <  0  10  at  t  ■“  80  ms  .  100  us  , 

120  MS,  124  MS,  128  MS,  132  ms,  136  ms  and  140  ms  Tiie  values  of 

and  C2  were  less  than  I  0  for  y  >  0.10  at  the  discrete  values  of  t 

listed  in  the  preceding  sentence  For  t  -  80  ms,  100  ms,  120  us  and 

’24  MS  C2  varies  smoothly  and  its  magnitude  does  not  change  a  great 
aeal  Starting  at  t  -  100  ms  the  values  of  oscillate  quite  a  oit 
bat  are  generallv  less  than  1.0.  This  may  be  an  indication  of  tne 
initiation  of  tne  localization  of  the  deformation  At  t  -  128  us ,  132 
MS,  i36  MS  and  1^0  ms.  the  region  where  Ct_  and  C2  undergo  severe 
oscillations  progressively  narrows  down  to  chat  near  y  -  3  At  t  - 
136  MS  and  140  ms  ooch  and  Co  are  generally  less  chan  1  0  for  /  ^ 
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0.025  implying  thereby  that  some  of  the  nodes  could  possibly  be 
removed  from  this  region.  We  are  now  in  the  process  of  adding  to  our 
code  the  capability  to  combine  two  or  more  elements  into  one  and 
dividing  one  element  into  two  or  more  elements  ciepending  upon  the  mag¬ 
nitude  and  sign  of  (C|  -  1,0)  and  (C2  -  1.0). 

In  order  to  see  the  improvement,  if  any,  in  the  results  computed 
with  a  mesh  refined  adaptively  as  compared  to  chose  computed  with  a 
uniform  100-element  mesh  we  have  plotted  in  Fig.  4  the  spatial  varia¬ 
tion  of  the  temperature,  plastic  strain-rate  and  the  shear  stress. 
These  results  confirm  the  expectation  that  the  adaptively  refined  mesh 
can  resolve  sharp  gradients  of  the  deformation  fields  within  Che 
region  of  localization.  From  the  distribution  of  the  plastic  strain- 
race  it  is  transparent  that  the  width  of  the  shear  band  as  computed 
from  Che  adaptively  refined  mesh  is  very  small  as  compared  to  chat 
with  Che  uniform  mesh.  With  the  latter  mesh  it  equals  che  size  of  one 
element  cle  '  indicating  that  the  mesh  is  too  coarse.  Also  with  che 
uniform  me^  oscillations  in  the  value  of  the  shear  stress  from 

node  to  node  .  j  very  large  as  compared  to  those  with  the  adaptively 
refined  mesh.  The  data  plotted  represents  che  average  of  che  values 
at  two  consecutive  nodes.  These  oscillations  in  che  shear  stress  are 
probably  due  to  the  propagation  of  an  uxdoading  elastic  shear  wave  out 
of  the  region  of  localization.  The  propagation  of  the  wave  is  not 
clearly  resolved  because  of  che  time  Integration  scheme  used  herein. 


3  S:l§,£U£iioi>.  ■an«;l_coQ(;  Lysisns 


The  use  of  an  adaptive  aesh  refinement  technique  based  on  distrib¬ 
uting  che  scaled  residuals  uniformly  throughout  che  domain  for  solving 
the  adiabatic  shear  band  problem  has  enabled  us  to  resolve  adequately 
the  sharp  gradients  of  the  deformation  field  within  the  region  of 
localization.  Initially,  refinements  of  the  mesh  are  required  by  che 
scaled  residuals  in  the  equations  expressing  che  balance  of  internal 
energy  and  the  balance  of  linear  momentum.  As  che  deformation  begins 
CO  localize  near  the  center  of  che  block,  che  scaled  residuals  in  the 
energy  equation  stay  essentially  equally  distributed  except  when  che 
localization  is  in  progress  earnestly  However,  che  scaled  residuals 
in  the  linear  momentum  equation  oscillate  and  ao  necessitate  che 
refinement  of  the  mesh  in  several  regions. 

The  computed  results  indicate  chat  che  mesh  can  be  refined  less 
frequently  prior  to  the  onset  of  che  localization  but  ought  to  be  ref¬ 
ined  very  frequently  subsequent  to  the  iniciacion  of  che  localization 
of  the  deformation.  We  are  now  working  on  che  adaptive  refinement  of 
the  mesh  in  the  time  domain 
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\bstract 

Marchand  and  Duffv  have  reported  detailed  measurements  of  the  temperature  and  strain  as  a  shear  band 
develops  in  a  HY-lOO  steel  Assuming  their  torsional  tests  in  thin-wall  lubes  can  be  adequateiv  modeled 
bv  a  viscoplastic  block  undergoing  overall  adiabatic  simple  shearing  delormaiions.  we  investigate  the  erlect 
of  modeling  the  viscoplastic  response  of  the  material  by  a  power  law.  and  dow  rules  proposed  bv  Liionski. 
Bodner  and  Partom.  and  Johnson  and  Cook.  Each  ot  these  rtow  rules  is  hrst  calibrated  bv  using  the  test 
data  at  a  nominal  strain-rate  of  3300  s”'  Then  predictions  from  the  use  of  these  riow  rules  at  nominal 
Strain-rates  ol  1400  s  '  and  1600  s  '  arc  compared  with  the  experimental  hndings  It  is  found  that  the 
Bodner-Pa'-tom  law  and  the  dipolar  theory  proposed  by  Wnght  and  Batra  predict  reasonably  well  the 
mam  features  of  the  shear  band  tormation  ui  a  HY-JOO  steel 


I .  Introduction 

The  development  of  shear  bands  in  metals  undergoing  piasiio  deformations  at  high 
strain-rates  usually  precedes  shear  fractures.  For  this  and  other  reasons  their  study 
has  received  considerable  attention  during  the  last  ten  years.  Rogers  (1983)  and 
Timothy  i  1987)  have  surveyed  vanous  aspects  of  shear  banding.  Bai  ( 1981 1.  Clifton 
( 1980)  and  Burns  1 1985)  among  others  have  investigated  conditions  which  will  lead 
to  the  growth  ordecay  of  perturbations  superimposed  on  a  viscoplastic  bodv  deformed 
homogeneously  in  bimple  ihear.  Violinari  and  Clifton  i  1987).  Tzavaras  i  1^<s'') 
and  Wright  (1990)  have  studied  the  problem  in  greater  detail.  For  rigid  perteciK 
plastic  materials.  Wright  i199())  has  developed  a  criterion  that  ranks  materials 
according  to  their  tendency  to  torm  adiabatic  shear  bands 
The  numerical  study  of  shear  banding  has  been  conducted,  among  others.  b\ 
Shawki  et  M  il983).  Wright  and  Batra  (1985).  Batra  <198“).  Batra  and  Ki'i 
( 1990).  Anand  ei  ai.  ( 1988).  Meedleman  1 1989).  LeMonds  and  Nfedlhman  ( 1986a. 
1986b).  and  Batf.a  and  Lit  ( 1989)  These  works  have  employed  difierent  viscoplastic 
how  rules  and  have  examined,  qualitatively,  different  aspects  of  shear  banding  m 
simple  shearing  and  plane-strain  compression  problems  A  matciial  mhomogcncitv 
or  defect  has  been  simulated  by  either  introducing  a  temperature  periurbaiion  or 
assuming  the  existence  of  weak  material  at  the  site  of ’he  defect 
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Most  o!'  ihe  earlier  experimenial  work  (e.g.  Zener  and  Hollomon.  1944.  Moss. 
1981  .  CosTiN  ei  uL.  1980)  has  reported  observations  made  after  the  ^hear  band  had 
formed.  Recently  H.artley  et  al.  (1987).  Giovanola  (1987).  and  MarchaM)  and 
Duffy  ( 1988)  have  given  histones  of  the  temperature  and  strain  within  a  band  as  it 
develops.  This  facilitates  a  detailed  comparison  of  the  numerical  and  experimental 
results  undertaken  here.  We  presume  that  the  torsional  experiments  of  Marchand 
and  Duffy  (1988)  on  thin-wall  steel  tubes  can  be  analysed  by  studying  the  ther¬ 
momechanical  deformations  of  a  viscoplastic  block  undergoing  overall  adiabatic 
simple  shearing  deformations.  We  consider  four  different  flow  rules,  namely  the  power 
law  (e.g  see  Shawki  ei  al.^,  1983),  and  those  due  to  LifoRSKi  (1977).  Bodner  and 
Parto.vi  ( 1975).  and  Johnson  and  Ox)K  ( 1983)  .Also,  because  of  the  presence  of  steep 
strain  gradients  near  the  edges  of  the  shear  band,  we  consider  the  etfect  of  including 
strain  gradients  and  the  corresponding  dipolar  stresses  in  the  analysis  We  note  that 
Wright  and  Batra  ( 1987),  Cole.ma.n  and  Hoogdon  ( 1985),.  and  Zbib  and  Aifantis 
(1988)  have  considered  the  effect  of  strain  gradients  in  their  works.  Dillon  ,ind 
Kratochvil  (1970)  motivated  the  consideration  of  strain  gradients  and  dipolar 
strcs.se.s  as  tme  way  to  account  (or  the  interaction  among  dislocations 

The  computed  results  show  that  the  dipolar  theory  predicts,  quantitatively.  variou.s 
experimentally  observed  featu.*es  of  shear  banding  very  vvell  The  Bodner- Partom  law 
for  nonpolar  materials  also  predicts  well  the  initial  growth  of  the  shear  band.  Other 
(low  rules  (ail  to  predict,  in  a  noticeable  way,  one  or  more  aspects  of  experimental 
results.  This  should  not  be  taken  as  the  final  word  (or  these  viscoplastic  laws  since 
our  calibration  technique  used  .to  find  values  of  various  material  parameters  involves 
solving  a  nonlinear  coupled  thermomechanical  initial-boundary-vaiue  problem  and 
we  may  get  the  same  stress-strain  curve  for  different  combinations  of  the  values  of 
material  parameters.  Neverihele^  the  computed  results  do  favor  exploring  further 
refinements  of  the  dipolar  theory  and  the  Bodner-Partom  law 


3  Formulation  of  thf  Problem 

A  realistic  modeling  of  Marchand  and  Duffy  s  ( 1988)  experiments  on  the  iwisting 
of  thin-wall  tubes  requires  analysing  three-dimensional  thermomechanical  dynamic 
deformations  of  a  viscoplastic  body  Postponing  'his  ultimate  goal  and  striv  mg  to  Mnd 
the  most  appropriate  viscoplastic  flow  rule,  we  study  here  dvnamic  thermomechanicai 
det'ormations  of  a  viscoplastic  block  undergoing  overaP  adi.‘’^aiic  simple  ^nearing 
deformations  In  terms  of  non-dimensionai  variables,  the  governing  equations  ^an  be 
written  as  (e  g  see  Batra.  1987) 


^)V 

=  (5->/(T 

) 1)  <  i’  <  1, 

(3  !) 

9 

=  - 
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These  equations,  written  for  dipolar  materials,  reduce  to  those  for  nonpolar  materials 
when  /  IS  set  equal  to  zero.  Here  p  is  the  mass  density,  r  is  the  veiocit\  of  a  material 
particle  m  the  direction  of  shearing,  a  superimposed  dot  indicates  the  material  time 
derivative,  s  is  the  shearing  stress.  /  a  material  characteristic  length,  a  the  dipolar 
stress,  and  a  comma  followed  by  r  signifies  partial  differentiation  with  respect  to  , 
Furthermore,  k  is  the  thermal  conductivity,  Vp  is  the  plastic' strain-rate,  the  dipolar 
plastic  strain-rate.  the  shear  modulus,  and  0  is  the  temperature  change  from  that  in 
the  reference  configuration.  Whereas  (2.1)  expresses  the  balance  of  linear  momentum 
and  (2.2)  the  balance  of  internal  energy,  (2,3)-;  2.6)  are  constitutive  relations.  The 
different  viscoplastic  flow  rules  differ  in  the  functional  forms  of  g  and  It  and  are 
discussed  below  in  the  next  section. 

For  the  initial  conditions  we  take 

r(  r.  0)  =  0..dy.())  =  0,  (?( y.O)  =  0. 

d(r.O)  =r;(l-i-->''e  (2.') 

That  IS.  m  the  initial  rest  btate  of  the  block,  it  is  taken  to  be  stress  free  The  initial 
temperature  distribution  simulates  the  defect  or  inhomogeneity  in  the  block  assumed 
to  be  present  near  the  point  v  =  0 :  the  value  of  c  represents  the  strength  of  the  defect. 

We  presume  that  the  overall  deformations  of  the  block  are  adiabatic  and  the  lower 
surface  is  at  rest  while  the  upper  surface  is  assigned  a  velocity  that  increases  linearly 
from  0  to  1  in  time  i,  and  then  stays  at  the  constant  value  of  1  0.  Thus. 


(^.(0,/)  =0,r(0./)  =0,  (2.S) 

i'l  I,  n  =  ttt^  0  <  /  ^  /r. 

=  1,  (2.‘)) 

and  for  dipolar  matenals,  we  also  assume  that 

rT(0. r)  =  0,  (T{\,n  =  0  <2. lOl 

Computations  for  the  domain  -  I  ^  i-  ^  I  and  with  boundary  conditions^!  ~  l..q  =  0. 
^T(  1.  n  =0  have  given  a(0,  /}  =  0. 


3  Viscoplastic  Flow  Rules 

3  1  Litonski  \  law  for  nonpolar  and  dipolar  materials 

Wright  and  Batra  i  1987^  generalized  the  constitutive  relation  proposed  bv  Liton- 
SKi  ( 197’')  [0  be  jpplicaole  to  nonpolar  and  dipolar  materials  Thev  assumed  that 


and  postulated  that 
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A  =  max 


0. 


1 


'Ao 


=  (5--f  (T-)‘  ^ 


(3  2) 


(3.3) 
(3  4) 


Here  *1/  may  be  viewed  as  an  internal  variable  that  describes  the  work  hardeninii  of 
the  matenal.  Its  evolution  is  given  by  (3.4).  In  (3.2).  ( 1  -  xd)  describes  the  softening 
of  the  matenal  due  to  its  heating,  h  and  m  characterize  its  strain-rate  hardening,  and 
i//„  and  n  us  work  hardening.  Note  that  the  rate  of  growth  of  li/  is  proportional  to  the 
plastic  working.  Besides  the  >ield  stress  in  a  quasistatic  simple  shearing  test  vvhich 
has  been  used  to  non-dimensionahze  stress-like  quantities,  there  are  rtve  material 
parameters  x.  h.  m,  ii/n  and  n  For  dipolar  materials,  we  also  need  to  specify  / 

In  (3  2)-'(3.4)  It  IS  implicitly  assumed  that 

Sc  =  ( 1  -  xd)(  1  )  (3.5) 

descnbes  the  loading  surface,  and  if  the  local  state  given  by  lies  inside  or 

on  this  surface,  the  plastic  stram-rate  and  the  dipolar  plastic  strain-rate  vanish. 


3  2,  Power  law 


For  nonpolar  matenals,  Costin  et  ai.  ( 1980)  and  Marchand  and  Duty  i  198X) 
have  described  the  dynamic  stress-strain  curve  for  steels  as 


Here  is  the  strain  at  vield  in  a  quasistatic  simple  shear  test  tor  which  ,  =  !()  '  > 

IS  the  relerence  temperature  and  t)  the  current  temperature  of  a  material  particle  in 
degrees  Kelvin.  In  order  to  use  the  power  law.  we  assumed  that  there  is  no  loading 
surface  and  that 


»rT 


Thus  in  addition  to  the  >ield  stress  m  a  quasistatic  Mmole  shear  test  .here  .ire  :ive 
material  parameters  .  /o.  /?  and  v 


3  3  Bodner-Pariom  '.aw 

For  nonpolar  materials  undergoing  simple  shearing  delormations.  the  consiitutive 
relation  proposed  by  Bodnir  and  Pvrtom  1 19*5)  can  be  written  as 
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A:=  -(A:. -A:o)exp(-mPt".)  {3  9) 

Here  0  is  the  absolute  temperature  of  a  material  particle.  is  the  plastic  work  done, 
and  K  may  be  considered  as  an  internal  variable.  Do  is  the  limiting  value  of  the  plastic 
strain-rate  and  is  generally  set  equal  to  10“^  s ' '  Besides  D,,,  we  need  to  specify  u,  . 
K(i,  m  and  b  to  charactenze  the  material.  We  note  that  there  is  no  loading  or  yield 
surface  assumed  in  this  case  also. 


3.4.  Johnson-Cook  law 

Johnson  and  Cook  ( 1983)  tested  several  materials  in  simple  shear  and  compression 
at  different  strain-rates  and  found  that 


(3  10) 


r  =  -do). 

describe  well  the  test  data.  Here  A,  fl,  n,  a.  c  and  0^  are  to  be  determined  exper¬ 
imentally  For  equal  to  the  melting  temperature  of  the  material  and  do  equal  to 
the  ambient  temperature,  they  tabulated  values  of  other  parameters  for  several 
matenals.  The  relation  (3.10)  is  valid  for  nonpolar  materials  and  presumes  that  there 
IS  no  loading  surface. 


4,  Calibration  Procedure 
4.  l ,  Deiermmation  of  maierial  parameters 

For  HY- 100  structural  steel,  MARCHANoand  Duffy  ( 1988)  have  given  thedvnamic 
and  quasisiatic  shear  stress-shear  strain  curves  found  at  strain-rates  of  3300  s  and 
10  S  ‘  respectively  They  also  reported  the  values  of  the  exponents  m.  ri  and  for 
the  power  law 

In  order  to  calibrate  the  various  flow  rules  against  the  ^ame  test  data  we  solved, 
numencally,  the  initial-boundary  value  problem  outline  in  Section  Z  with 

s(i'.0)=l.0,  /pi  i’,0)  =  0  012,  r<i.0)  =  r,  d(i.0)=0C,  =0. 

r(l./}=l0.  1(0.  n  =  0.  d(0,  n=(),  dil,/)=0.  ^>  =  ‘Sf)0kgm 

c=:  473J'kgC.  /v=  49  73  Wm-C,  ^/ =  2.5  mm.  .  =  3300s 

Here  H  is  the  height  of  the  block  and  ,  is  the  average  appiieu  strain-rate  With  no 
initial  temperature  perturbation,  the  block  deiorms  amformlv  and  homogeneouslv 
and  the  dipolar  effects  vanish  identically  In  oraer  to  keep  to  a  minimum  the  niimDcr 
of  parameters  to  be  varied,  we  kept,  as  far  as  possible,  the  values  ot  the  >irain- 
hardening  exponent  and  the  strain-rate  hardening  exponent  equal  to  those  given  bv 
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Fk.  1  \  iwOmp.irisun  oi  ihc  ^ncar  stress  shear  strain  s.iirvcs  (.ompuicd  hv  sol\  me  an  miiial-bouiuiars  ’  aiue 
problem  with  oiilereni  ilow  rules  auh  ihe  experimental  >tress  ^lrJln  siirxe  ->i  Marwnaiui  mu  OuiK  ti  i 

nominal  strain-raieot  .'300 s  fora  HY-IOOstrueiurai steel  - experimomai.  -  Bouner  Pariom. 

Lilonskunon-polari.  -  -  LilonskHdipolari  —  —  —Power.—  —  -  Johnson  Cootc 


Marchand  and  Duffy  ( 1988),  and  adjusted  the  values  of  parameters  describing  the 
thermal  softening  of  the  material  till  the  computed  stress-strain  curve  came  out  close 
to  that  given  by  Marchand  ai^  Duffy.  For  curves  depicted  in  Fig.  I.  we  used  the 
following  values  of  various  material  parameters.  Note  that  these  curves  approximate' 
closely  the  experimental  curve  well  beyond  the  value  of  the  nominal  strain  at  which 
the  peak  in  the  stress  occurs. 

(a)  Litonski  law  for  nonpolar  and  dipolar  materials . 

•^==  0  00185  0.  i//m=001:.  /i  =  ()107.  /m  =  OOI!7.  />  =  IOS.  /=()0()5 

(b)  Power  law 

„  =  10  ‘s  .=0  012.  d.,  =  30()K.  ^;i  =  i)()ir  ^?  =  ()l():  i  =  -i)“> 
(c>  Bodner-Pariom  law 

CJ  =  I20()K.  />  =  0.  a:.  =  ;  9^  =  '  2!  ni  =  5  0./),=  iO' s 

(d)  Johnson~Cook  law 

=  1)45.  5  =  1.433. /I  =  0  107.  0^-0,  =  1200  C.  =  0  •'  .  =  0  02"" 

We  note  that  the  computed  curves  mimic  reasonably  well  the  experimental  one  'ii! 
the  shear  stress  begins  to  drop  catastropnicallv  This  rapid  drop  ot  the  >hear  stiess 
with  increasing  shear  strain  smarting  with  an  average  strain  ot  0  50  in  the  experimental 
stress-strain  curve  is  due  to  the  initiation  and  growth  ol  a  shear  band  We  neetl  o 
emulate  a  defect  m  the  specimen  m  order  to  reproduce  ^his  part  i>t  the  i_ur\e 
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Fig  2  Shear  >tress->,hear  '.tram  (.ur%es  eompuied  wuh  dillcrcni  iU)w  rules  hut  with  'he  ^ame  initial 
'cmpcrature  perturbation  See  Fig  I  tor  the  description  oi  various  <.urves 


4.2.  Determination  of  the  size  of  the  perturbation 

Marchand  and  Duffy  (1988)  found  that  the  thickness  of  their  specimens  was 
uniform  in  the  circumferential  direction  but  varied  from  5-10%  in  the  axial  direction. 
This  and  possibly  the  slight  variation  in  the  material  properties  served  as  the  triggering 
mechanism  for  the  initiation  of  a  shey  band.  Here  we  model  the  cumulative  etfect  of 
these  inhomogeneities  by  assuming  a  nonuniform  initial  temperature  distribution  as 
given  by  Eq.  (2.7).  Batra  and  Liu  (1990)  have  shown  that  different  ways  of  modeling 
a  matenal  inhomogeneity  give  similar  results. 

Ideally,  *the  same  value  of  c  m  (2.7)  when  used  with  different  rtow  rules  should 
initiate  a  shear  band,  as  indicated  by  the  rapid  drop  of  the  shear  stress,  at  the  value 
of  the  nominal  strain  observed  e.xpenmentally  Unfortunately,  as  shown  in  Fig.  2.  tor 
..  =  I  C.  different  tlow  rules  predict  shear  band  initiation  at  wideiy  different  values  oi 
the  nominal  strain.  No  value  of.:  could  be  lound  that  will  cause  the  shear  band  o 
initiate  at  the  same  value  of  the  nominal  strain  with  the  different  tlow  rules  We  thus 
have  the  following  two  choices  One,  to  use  different  values  oi with  the  various  tUn\ 
rules  and  the  other,  to  fix  .  and  rind  the  values  ot  material  parameters  vo  as  to  mateii 
the  computed  siress-stram  curves  with  and  vviihout  the  temperature  perturbation 
with  the  corresponding  experimental  vMies  This  would  necessitate  changing  Oic  aiucw 
of  the  strain  hardening  exponent  and  or  '.train-rate  hardening  exponent  also  This 
program,  though  feasible,  is  verv  arduous  and  could  be  'nterpreied  ,is  manipulating 
parameters  to  obtain  the  desiied  results  We  note  in  passing  'hat  tor  presum.iblv  'he 
same  e.xpenmental  data.  Hartley  et  M  0987).  Klepvczko  jt  a/  ii9<S'')  and 
VIoLiNARi  and  Clifton  (|98").  have  given  different  values  oi  the  ^traln  nardenmg 
exponent,  strain-rate  hardening  exponent  and  the  thermal  softening  exponent  in  the 
power  law  This  alludes  to  the  dilHcultv  m  ontaining  values  v)f  various  material 
parameters  Here  we  adopt  the  first  approach  and  rind  ^o  that  dilVeront  'low  rules 
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cause  the  band  to  initiate  at  approximately  the  i>ame  value  of  the  nominal  strain  This 
IS  justifiable  because  we  compare  computed  results  with  experimental  findings  mostly 
during  the  growth  of  the  localization  process,  i.e,  post  initiation  period.  Also,  we 
note  that  the  calibration  is  done  at  a  nominal  strain-rate  of  3300  s  .  and  the  com¬ 
parison  of  results  is  made  for  deformations  occurring  at  nominal  strains  of  1600  s  ' 
and  1400  s  '  For  an  assigned  value  of  ri.  the  initial-boundary  \  alue  problem  outlined  in 
Section  2  with  /,  =  0.033  was  solved  by  the  finite  element  method.  Values  of  r.  equal 
to  I  C.  2  C.  5  C  and  9  C  for  the  Liionski  law  for  nonpolar  and  dipolar  materials, 
power  law.  the  Bodner-Partom  law  and  the  Johnson-Cook  law.  respectively,  result 
in  stress-strain  curves  shown  in  Fig.  3.  Subsequently,  these  values  of  r;  for  the 
various  flow  rules  were  used. 


5  Comparison  of  Numerical  Results  with  Experimental  Findings 

The  curves  plotted  in  Fig.  3  vividly  reveal  that  until  the  time  the  shear  stress  begins 
to  drop  rapidly,  all  of  the  flow  rules  considered  predict  material  behavior  m  reasonable 
agreement  with  the  experimental  observations  For  nonpolar  materials  LitonskiN  law. 
the  power  law  and  the  Johnson-Cook  law  give  essentially  a  catastrophic  drop  in  the 
shear  stress  with  virtually  no  increase  in  the  nominal  shear  strain.  This  does  not  agree 
with  the  experimental  data  since  Vlarchand  and  Dutfy  observed  that  during  the  drop 
of  the  shear  stress,  the  nominal  strain  increases  Dy  approximately  5“o.  The  Liionski 
law  for  dipolar  materials  and  the  Bodrer-Partom  law  for  nonpolar  materials  do 
predict  the  gradual  drop  m  the  shear  stress  in  agreement  with  the  experimental  data. 
However,  for  the  Bodner-Partom  law  the  shear  stress  does  not  drop  as  much  as  it 
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f'Kj  '  Shear  -.noar  strain  .ur\eb  vompuicu  Mih  aiiVorcni  low  'iiics  mo  .vuh  iiiicri.ni  iiin.u 

'cmpcralure  periiirnaiion  The  ooictuvc  lo  imo  ihc  >i7e  oi  the  'niiiai  tcrnneraiore  pcriurn.iiion  m  irocr 
o  miiiaie  a  rapio  drop  of  the  >hear  •.irc'vs  ai  an  averaue  >irain  to  th.ii  ioiir.u  cxncrimciuailv  sce  t  le 
I  lor  ihe  aescnpiion  of  v.inou-  ^.ur\es 
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Fk,  4  Growth  oi  ihe  local  '(hear  ^lraln  within  ihe  band  as  the  Npecimcn  dclorms  bee  Fig 
description  ol  various  curves  The  experimental  data  points  arc  denoted  b>  a  A 
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does  during  the  tests.  The  computed  value  of  the  shear  stress  reaches  a  plateau.  Since 
curves  plotted  in  Fig.  3  were  for  calibration  purposes,  these  remarks  should  be 
regarded  as  general  observations  rather  than  a  test  of  the  validity  of  any  of  the  flow 
rules. 

For  a  nominal  strain-rate  of  1600  s' j,  Marchand  and  DutTy  have  also  given  values 
of  the  shear  strain  within  the  band  avhvc  different  values  of  the  nominal  strain.  We 
note  that  each  data  point  was  obtained  in  a  different  test  and  that  e.xplains  the  rather 
noticeable  difference  in  the  values  of  the  ocal  strain  within  the  band  for  essentially 
the  same  value  of  the  nominal  strain  for  the  last  two  data  points.  These  and  the 
corresponding  numerically  computed  results  with  the  different  rlow  rules  are  plotted 
in  Fig.  4.  Whereas  the  Litonski  law,  the  power  law  and  the  Johnson-Cook  law  give 
a  rapid  increase  m  the  local  strain  once  a  shear  band  initiates,  the  Bodner-Partom 
law  and  the  Litonski  law  for  dipolar  materials  give  general  trends  in  agreement  with 
the  e.xperimenial  data.  We  should  add  that  the  values  of  the  material  parameters  and 
the  size  of  the  temperature  perturbation  were  those  found  earlier  and  outlined  in  the 
preceding  section.  Also,  the  computed  local  strain  equals  the  strain  at  the  center 

With  the  power  law  and  the  Johnson-Cook  law,  the  plastic  strain  started  to  oscillate 
during  the  time  the  shear  stress  was  dropping  This  was  earlier  noinied  out  bv  Baira 
and  K.1.M  1 1990)  and  has  also  been  noticed  by  Wright  and  W  \lter  1 1989)  A  pos.sihle 
e.xplanation  tor  this  is  the  interplay  between  the  material  hardening  due  to  the  strain 
and  strain-rate  effects  and  the  thermal  softening  This  explains  the  discontinuities  m 
the  curves  computed  with  these  two  how  rules 

The  experimental  data  points  plotted  in  Fig.  5  'Acre  taken  Irom  the  data  given  in 
table  4  of  Marchand  and  Duffy  s  paper  Each  data  point  represents  a  different  test 
performed  at  an  average  strain-rate  of  approximatelv  lh()()  s  Since  the  nominal 
strain  ;•*,  at  which  the  shear  stress  attained  the  maximum  value  is  different  m 
each  test  we  have  plotted  m  Fig  ^  ,  vs  ^  s  during  the  time  the  shear  stress  is 
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Fiti  5  Plot  ot  normalised  ^hear^^raln  \s  the  normaii/ed  NhearstresMlurme  ihc  iimesheai  ^lro^^  is  dropping 
with  incrcasint!  strain  See  Fie  I  lor  ihc  description  oi  \arious  ^.urses 


dropping.  There  is  too  much  meatier  in  the  experimental  data  to  draw  any  concl-.sions 
Since  test  points  2  and  3  have  abscissa  values  0.6667  and  0.6546.  we  take  the  midpoint 
P  on  the  line  joining  these  two  points  as  representing  the  average  of  the  results  for 
these  two  tests.  If  we  take  the  smooth  curve  passing  through  the  test  point  1.  point  P 
and  the  midpoint  of  the  line  joining  points  5  and  6,  we  obtain  a  curve  essentially 
parallel  to  that  computed  with  the  Bodner-Partom  law  and  the  Litonski  law  lor 
dipolar  matenals.  The  scarcity  of  the  available  experimental  data  makes  a  better 
comparison  difficult  at  this  time. 

Figures  depict,  resnectively.  the  spatial  variation  of  the  plastic  strain,  the  temper¬ 
ature  and  the  flux  of  linear  momentum  when  v  =  0  667  and  =  1600  > 
We  note  that  the  flux  of  linear  momentum  equals  the  shear  stress  for  nonpolar 
materials  and  (.v-Zer  )  for  dipolar  materials.  By  the  time  the  momentum  flux  drops 
to  two-thirds  of  its  maximum  value,  the  shear  band  should  have  well  developed.  In 
order  to  highligfit  the  variation  ot  the  shear  strain,  temperature  and  the  >hear  stress 
within  and  near  the  region  of  localization  of  the  deformation,  we  have  plotted  these 
quantities  on  an  expanded  scale  in  the  region  .iround  the  shear  band  center  Both  the 
John.sori-Cook  law  and  the  Litonski  law  tor  nonpolar  materials  predict  a  rather  shaip 
drop  in  tne  shear  strain  at  the  edges  of  the  band  The  Litonski  law  tor  dipolar  materials 
gives  neariv  '.onsiani  values  oi  die  teniDerature  .ind  ^hear  strain  wuhin  me  ^and  The 
power  hiw  and  the  Bodner  Partom  law  give  a  rather  gradual  drop  oi  the  siiear  ^lraln 
.'nd  the  temperature  with  the  distance  from  the  center  ot  rhe  nand  With  the  vlipoiar 
tfi  vy  the  momentum  flux  takes  on  the  least  value  at  the  band  center  and  increases 
rap  ilv  as  we  move  awav  trom  ihe  ^.enier  and  then  decrea.ses  and  >tavs  constant 
through  most  of  the  specimen  The  Johnson-CooK  law  gives  a  sligndy  higner  value 
of  the  shear  stress  at  the  center  of  the  band  as  compared  to  that  at  the  specimen 
boundary  and  the  rate  of  change  of  the  shear  stress  is  constant  With  the  other  tlovv 
rules  the  computed  values  of  the  shear  stress  came  out  to  ne  essentialiv  constant 
throughout  the  specimen 
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Fio  f)  Spatial  variation  ot  the  plastic  ^^ram  when  »  d  on'  'see  f'le  i  '’>r  ihe  ueseripiion  <>i  aru»u^ 

curves 


Defining  the  band  width  ab  the  width  of'  the  region  vsver  which  'he  plastic  shear 
strain  vanes  by  no  more  than  5“i)  of  its  '.aiiic  at  the  center  die  computed  banduiUth 
with  the  Litonski  iaw,  the  power  law.  the  Bodner-Partom  law.  the  Johnson  Cook 
law.  and  the  Lnonski  law  for  dipolar  materials  is  found  to  be  I  itm  14  am.  !4  .an.  n 
am  and  51  um  respectivelv  For  >  =  0  66.  Vlarchand  and  Durfv  found  the  band¬ 

width  to  be  between  20  am  and  55  am  depending  upon  the  point  of  ooserv anon 
around  the  circumference  of  the  tube.  This  comparison  favors  the  Bodner  Pariom 
law.  the  power  law  and  the  Litonski  law  for  dipolar  materials  over  the  other  two  flow 
rules 

In  another  senes  of  tests  on  HY-I0()  steel  conducted  at  a  nominal  sirain-rsUe  u 
approximatelv  1400  s  .  Vlarchand  ano  Duftv  measured  the  'emperaiure  vvuhin  the 
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Oiatance  from  the  Center 


3(- 


\ 


Distance  from  the  Center 


I'lo  '  Spaiiat  variation  ot  the  temperature  wnen  >  s-nj,  -  '^ee  Kie  '  lor  me  ^Je^erlnlIo^  oi  <>  iruu.s 
vurves  The  temperature  in  C  is  ooiaineo  r»v  muliioivinu  the  nonoimensionai  Mine  n\  ox 'i 


■  band  The  data  taken  from  table  5  of  their  paper  is  plotted  in  Fig  ^  along  '.viih  the 
^.ompuiod  results  tor  .  =  1400  >  The\  meaMired  die  .cmperaiLirc  over  a  -ntu 
width  ot  35  am  wnich  is  larger  than  the  band  width  In  piotiing  their  data,  we  base 
assumed  that  the  reported  temperature  in  the  band  viccurred  at  the  maximum  '.aiue 
ot  the  nominal  strain  m  a  test  In  order  to  minimi/:e  the  \ariaiion  in  the  results  among 
dilferent  tests  we  have  plotted  the  measured  maximum  .emperuiure  in  the  band  '.s 
^  Even  though  it  is  hard  to  draw  a  smooth  curve  through  the  test  data,  the 
detector  output  plotted  in  tig.  19  of  Vlarchand  and  Durfy  s  paper  reveals  that  the 
temperature  rises  during  the  last  stage  of  the  localization  process  when  the  snear  stress 
IS  dropping  and  that  the  increase  in  the  average  strain  during  the  time  temperature 
rises  IS  anout  This  viOservation  is  in  closer  agreement  with  die  results  computed 
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Fig,.  Spatial  dcscnption  of  the  rtux  or  linear  momentum  when  9,^.1  i  0  667  See  Fig  1  lor  the  description 

of  various  curves 


with  the  Litonski  Lw  for  dipol.i.  ir.auTivils.  Also  the  computed  temperauire  rise  ol 
539  C  with  this  rlow  rule  when  =  1  9i  agrees  well  with  the  average  \alue  of 

475  C  found  m  the  eight  tests.  We  should  note  that  the  computed  temperature  within 
the  band  oi  50  am  width  ^ame  out  to  be  nearK  iinilorm  Marchand  and  Duifs 
estimated  that  the  maximum  temperature  in  the  hand  reached  a  little  over  4()i)  C 
Since  we  do  not  have  any  failure  criterion  included  m  our  work,  it  is  hard  :o  decide 
when  to  stop  the  computations  and  thus  estimate  the  maximum  temperature  rise 
Figure  10  shows  how  the  temperature  at  the  center  increases  after  the  peak  in  the 
shear  Stress  has  been  attained.  It  is  interesting  to  note  that  the  temperature,  when  the 
shear  stress  attains  the  maximum  value,  is  essentially  the  same  for  all  .iow  rules 
However.the  rate  of  rise  of  temperature  with  the  drop  m  the  shear  stress  lor  die 
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l-i(i  '>  Tamperaturoanhctonicr  vs  ihc  nornia!i/cd  shear  strain  The  experimcnial  data  pntnis  are  Jenmeu 
bv  a  A  See  Fte  I  lor  ihe  aesenniion  ot  various  surves 


Johnson-Cook  law.  ihe  power  law  and  the  Bodner-Partom  law  b  nearly  the  same 
but  differs  significantly  from  that  for  uhe  Litonski  law  for  nonpolar  and  dipolar 
matenals.  The  transition  in  the  slope  of  the  curves  near  v  =  I  0  indicates  the  point 
when  the  rapid  drop  in  the  shear  stress  occurs  and  the  plastic  strain  rate  rises  sharply 
Thus,  the  computed  temperature  nse  will  depend  upon  the  point  when  the  material 
IS  taken  to  have  failed.  As  pomteefout  by  Marchand  and  DutTy.  once  the  shear  stress 
begins  to  collapse,  the  load  earring  capacity  of  the  member  is  drastically  reduced 
and  the  material  has  failed. 


o.o( _ _ _ _ 

0.80  0.35  0.90  0-35  '  00 

Shear  Strain  ,  Sheor  Strain  ot  Mox  S 

Fig  U)  The  v»voiuuon  ot  the  temperature  at  the  center  vs  the  normali7ea  ^near  strain  durinL’  ihe  'iino  he 
snear  stress  is  uroppin^’  Sec  i  le  -'>i  aie  ,:esi.ription  oi  ..irious  v.ar\es 
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We  have  modeled  the  dynamic  torsional  tests  of  Marchand  and  Duffy  on  thin-wall 
steel  tubes  by  analysing  the  dynamic  deformations  of  a  viscoplastic  block  undergoing 
overall  simple  sheanng  deformations.  A  material  defect  or  mhomogeneity  has  been 
represented  by  an  initial  nonuniform  temperature  distribution.  The  focus  of  the  work 
has  been  to  compare  predictions  of  the  vauous  flow  rules  with  the  experimental 
findings  during  the  growth  of  a  shear  band.  For  this  purpose,  we  have  also  used  a 
dipolar  theory  and  Litonski's  flow  rule  as  modified  by  Wright  and  Batra  and  studied 
extensively  by  Batra  and  his  coworkers  Whereas  it  maybe  premature  to  draw  definitive 
conclusions,  the  Bodner-Partom  law  and  the  dipolar  theory  predict  many  features  of 
shear  banding  that  are  in  closer  agreement  with  the  experimental  observations  than 
the  predictions  from  the  power  law,  the  Johnson-Cook  law  and  the  Litonski  law  for 
nonpolar  materials.  We  note  that  when  finding  the  values  of  material  parameters  for 
different  flow  rules,  we  kept  the  value  of  the  strain  hardening  exponent  and  the  strain- 
rate  hardening  exponent  as  close  to  the  test  value  as  possible  and  varied  the  parameter 
describing  the  thermal  softening  of  the  material  till  the  computed  stress-strain  curve 
essentially  replicated  the  corresponding  experimental  curve  for  nominal  strain-rate 
equal  to  3300  s  ‘  With  values  of  material  parameters  kept  unchanged,  computed 
results  for  nominal  strains  equal  to  1600  s  '  and  1400  s  '  were  compared  with  the 
corresponding  expenmental  findings. 
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Dynamic  shear  band  development 
in  plane  strain  compression  of  a  viscoplastic 
body  containing  a  rigid  inclusion 

Z.  G.  Zhu  and  R.  C.  Batra,  Rolla,  Missouri 
(Received  October  18,  1989;  revised  January  J.  1990) 


Summary.  VVe  study  tlu*  plane  strain  thermumcciunical  deformations  of  a  vtscoplastic  body  uotit. lin¬ 
ing  a  rigid  non-licat-conducting  ellipsoidal  inclusion  at  the  center.  Two  different  problems,  one  in 
which  the  major  axis  of  the  inclusion  is  parallel  to  the  axis  of  compression  and  the  other  in  which  it 
IS  perpendicular  to  the  loading  axis  are  considered.  In  e,ach  case  the  deformations  arc  presumed  to  be 
symmetric  about  the  two  centroidal  axes  and  consequently  deformations  of  a  quarter  of  the  block  arc 
analyzed.  The  material  of  the  block  is  assumed  to  exhibit  strain^rate  hardening,  but  thermal  softening. 
The  applied  load  is  such  as  to  cause  deformations  of  the  block  at  an  overall  atrain*rate  of  .'>i)00  sec~^ 
The  ngid  inclusion  simulates  the  presence  of  second  phase  particles  such  as  o.xides  or  carbides  in  a 
steel  and  acts  as  a  nucleus  for  the  shear  band. 

It  is  found  that  a  shear  band  initiates  near  the  tip  of  the  inclusion  and  propagates  along  a  line 
inclined  at  45^  to  the  horizontal  axis.  Xt  a  nomi&il  strain  of  0.25,  the  peak  temperature  rise  near  the 
tip  of  the  vertically  aligned  inclusion  equals  7,5%  of  that  for  the  horizontally  placed  inclusion.  The 
precipitous  drop  in  the  effective  .stre.s8  near  the  inclusion  tip  is  followed  somewhat  later  by  a  rapid  rise 
in  the  maximum  principal  logarithmic  'strum  there. 


1  Introduction 

A  phenomenon  which  la  commonly  observed  during  high  strain  rate  inelastic  iletormation 
ot  metals  is  the  formation  ot  narrow  haiid.s  of  intense  '.liear  -^tiaiii  ii.siiall\  >  ailed  .idiabatic 
shear  bands.  The.se  shear  baniis  term  during  high  .speed  material  proce.ssing,  metal  forming, 
and  ballistic  penetration.  This  i.s  an  important  mode  '»t  detorniation  as  these  ^hear  /.ones 
olten  liecome  the  sites  tor  eviuitiial  tailure  ot  the  iiutenai 

Since  tile  time  Zener  and  Hollornon  [Ij  recognr/.cd  the  destabiii/ang  **ttect  ot  thermal 
'.ottening  ui  reducing  the  slope  of  the  stress-strain  >'iu\e  in  ucaii\  adiabatic  dctorniattons. 
there  have  been  many  analytical  ‘e.g.  Reclu  [2),  Staucr  ['A],  (.'liiton  [4],  Cldton  and  Moii- 
nari  [5],  Burns  [6],  Wright  [7],  Anand  et  al.  [H],  Bai  [9],  Coleman  and  Koiigdon  [lOj), 
e.xperirnentai  'e.g.  .Moss  [11],  Costin  ec  al.  [12|,  .Marchaiul  .uid  l)utf\  '  l.'lj)  .uid  numerical 
leg.  Clifton  et  al.  [14],  Merzer  [15],  Wii  and  Freund  [!r)|,  Wnglit  and  Batra  [171,  [ISj, 
Wright  and  Walter  [19],  Batra  [20]— [22],  LeMoud.s  and  Xeeiileman  [2.‘11.  1211,  Xcedliunau 
[25],  Batra  and  Liu  [2B],  [27],  .\nand  et  al  [2S|)  -'tudies  .umed  it  iinder''taudmg  the  t.ietoi 
that  enhance  or  inhibit  the  shear  strain  localization. 

Although  It  IS  well  recognized  that  dvnarnic  tracture  i.s  ^igiuticaiitK  iidlueiKcd  b\ 
grain  houndarie.^.  precipitates  and  inclusions,  inherent  vouN  aim  Maus  r,.\riae  ■'ur>stru(- 
tuie,  ind  impurities  [29j,  ver^•  little  i.>  Isiioun  iboul  hou  ^luii  mu  losti  uctiii.il  reatuies 
intlueiice  .shear  hand  lUKleation  .iiid  giowth  .Most  *  oinputational  >near  baud  mooels  .uc 
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based  on  the  relative  ability  ot  a  material  to  work  harden  and  thermal  soften,  and  nietaU 
liirgical  influences  are  taken  into  account  only  implicitly  as  they  influence  the ''tre^s-stram 
and  strength-temperature  curves.  The  presence  of  a  material  <lefect  has  nsuallv  been 
modeled  by  introducing  either  a  temperature  perturbation  [19]— [22),  [2()]— 2Sj  or  as^um- 
ing  that  the  material  at  the  site  ot  the  <lefect  is  w'eaker  than  the  surroundimz  material 
[25],  [27].  Of  the  numerical  studies  cited  above,  LeMonds  ami  Xeerlleinan  (22),  [24],  Neerlle- 
man  [25],  Batra  and  Liu  [26],  [27]  and  Anand  et  al.  [2M]  have  analyzed  the  development 
of  a  shear  band  in  plane  strain  problems.  Of  these,  only  Xeerlleman  and  Batra  and  fdu 
have  considered  the  effect  of  inertia  forces.  Whereas  Batra  anrl  Liu  assumed  that  the 
material  softens  because  of  its  being  heated  up,  Needlemaii  studied  a  mechanical  problem 
and  accountefl  for  softening  mechanisms  through  the  use  of  an  internal  variable. 

In  this  paper,  we  study  the  thermoinechanical  plane  strain  deformations  of  a  thermally 
softening  viscoplastic  solid  and  model  the  material  inhomogeneitv  by  introdnciiui  a  rmid 
perfectly  insulated  cylindrical  iiichisioii  at  the  center  of  the  iilock.  The  incluMoii  can  he 
viewed  as  precipitates  or  second  phase  particles  in  an  allov.  These  particles,  such  as  o\i(les 
or  cairbules,  are  usually  very  strong  relative  to  the  siirroumling  iiiatenal,  and  their  defer- 
matons  can  be  neglected.  Here  we  also  take  tiie  inclusion  to  be  non-heat  conducting. 
Whereas  Batra  and  Liu  [26],  [27]  modeled  the  thermal  .softening  of  the  material  by  a 
linear  relation,  we  assume  that  the  flow  stress  decreases  e.vponentially  with  a  rise  in  tem¬ 
perature.  Thus,  the  material  never  looses  its  strength  entirely  even  though  it  become,s  (piite 
small  at  very  high  temperatures.  The  problem  formulation  incorporates  the  effect  of 
inertia  forces,  strain-rate  sensitivity  and  heat  conduction.  The  coupled  nonlinear  equations 
expressing  the  balance  of  ma88,Jinear  momentum  and  internal  energy  are  'solveil  >uimeri- 
cally  for  a  prescribed  set  of  initial  and  boundary  conditions. 


2  Formulation  of  the  problem 

We  study  plane  strain  thermomechanical  deformations  of  a  i  ylnidrical  hodv  having  .i 
square  cross-section  and  presume  that  there  is  a  rigid  inclusion  wiio.se  MMiinndai  ims 
coincides  with  that  of  the  body.  The  cross-.section  <>f  the  inclusion  is  taken  to  ho  iMlijiricat 
with  the  major  axis  either  parallel  to  or  perpendicular  to  the  a\is  of  loading 

We  (i.se  an  updated  Lagrangian  (le.scriptiori  [20),  w-iiere  in  order  to  >olve  tor  the  .lefor- 
mations  of  the  bodv  at  time  //  —  If'.,  the  <'onfigni'ation  .it  tune  (  >  taken  is  the  rettuiMiec 
contigiiratioii.  Howeviu'.  the  deformations  of  t!u‘  Mo<i\  troin  tune  /  to  t|in('  /  pi  .utild 
he  finite.  With  respect  to  a  fixed  set  of  rectangular  Lai tesian  coornni.ite'-  a\es.  w*  denote 
the  position  of  a  matenai  particle  in  the  '•onfiguratioii  .it  tune  f  b\  .V,  lUii  in  tlu'  i  <.nligtira- 
tion  at  time  -  \t)  bv  r,  In  terms  of  the  nd'erential  descrijition.  the  governing  f  jii.itions 
for  the  deformable  matrix  can  be  written  as 

(/yp=o.  '2.h 

'Jof'j  ^  XJ  J  >  -  2' 

i  ji  *  -  •»  I 

which  ought  to  he  supplemented  bv  ippiopiiatt^  eoiistitiitive  leiations  uui  initial  .iiid 
boimdars  i-onditions.  Ivpiatioiis  2.1'.  2  2b  and  '2.;'.'  '*\pies-^.  lesptx  t  i\ fi\  thi>  liai.uueot 
mass,  the  balance  ot  iiiiear  moineiituiii.  .ind  the  baUiur  ot  internal  “iieigs  Heie  .  is  the 
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mass  density  ot  a  material  particle  in  the  cniTent  coiitigiiratioii  at  tune  /  —  1/,  o.,  its  mass 
density  in  the  reference  configuration  at  time  a  superimposed  dot  expresses  a  material 
time  derivative,  J  =  oo/i>  (Equals  the  determinant  of  the  deformation  gradient  ~  r.  i\ 
IS  the  velocity  ot  a  material  particle  in  the  j*,-<lirection,  7’,^  is  the  first  Piola-Kirchhoff  stress 
tensor,  a  comma  followed  by  v(i)  implies  partial  differentiation  with  respect  to  the 

usua  summation  comention  o'  t  repeated  indices  has  been  used,  c  is  the  specific  internal 
energy,  anrl  the  heat  fli  .  measured  per  unit  area  in  the  reference  configuration.  In 
plane  strain  rleformations  in  the  j:,  —  x.  plane,  the  subscripts  a  and  i  range  over  i  and  2. 

•  The  following  constitutive  equations  are  employed  to  describe  the  matrix  response- 


(7„  =  -p(o)  dif 

- 

(2.4) 

=  (QoiQ^  -^4. 

;<^o, 

(2.5) 

if,  =[<,,,  (pi) 

1  c-"'fl  -  hlY", 

'2.H) 

=  — (po/O)  kX^  ,0  , , 

i2.T) 

II 

1 

!2.M) 

-  Mo, 

B'u  =  Oif  —  Bichdif, 

(2.!)) 

p(o)  =  BioiOr  - 

-  n, 

(2.10) 

•M  ==  QoCO  —  Q(iQpiQ)iQ’  y 

(2.11) 

where  is  the  Cauchy  stre.ss  tensor,  (if  is  the  stress  in  a  quasi-static  simple  tension  or 
compression  test,  r  is  the  coefficient  of  thermal  softening,  Z),-,  is  the  deviatoric  ^traln  rate 
tensor.  /),,  is  the  strain-rate  tensor,  <),•,  is  the  Kronecker  delta,  B  may  be  interpr(‘te<l  as  the 
bulk  modulus,  id  the  mass  density  in  the  stress  free  reference  configuration,  r  is  the  ^pGcl- 
fic  heat,  k  the  thermal  conductivity,  and  parameters  h  anrl  m  describe  the  strain-rate  sensi¬ 
tivity  of  the  mater»al.  Here  i-,  a^yk.  c,  b  and  m  are  taken  to  he  indepemleiit  of  the  t-mipera- 
tiire.  Rqiiation  (2.7)  is  the  Fourier  law  of  heat  coiKluction.  relen-e<l  to  the  reference  con¬ 
figuration. 

I  iitro<lucing  iKm-diinensional  variables 


O  ~  O  '7.,  , 

J)  ^  P'<7,y, 

.S 

-  s  . 

r 

-  r  r.,. 

;  /r. //. 

T  7  ’  T  ,,. 

X* 

r  II. 

0 

-  h  0,. 

>  1  •>  > 

i)  -  hr,  //. 

V  I'O.y, 

e 

—  n  IJy  , 

■) 

'Jf' 

.V  V  11 

^.1^1 

,}  -  k  '  . 

h, 

-  '7„  ujfi  ’ 

n 

-  B  a., . 

the  go \  (‘riling 

♦'•niations  become 

•J  ■- *>• 

2.11' 

of)  ^ 

•j'.'d  (1-^/))  1 

hi 

2  15) 

Va  -  --  >A 

2  Ibi 

'7,,  —l>\u  — 
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\ 

'll"  '/-y 
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where  the  superimposed  bars  have  been  dropped.  In  Eq.  (2.12),  'IH  is  the  lieight  of  the 
block  and  the  imposed  velocity  on  the  top  and  bottom  surfaces.  In  Eqs.  (2.13)— (2.17) 
all  of  the  differentiations  are  with  respect  to  non-dimensional  variables. 

For  the  simple  compression  problem,  we  restrict  ourselves  to  detormations  that  remain 
symmetrical  about  both  JC,  =0  and  JC.  =0.  With  the  nondetormable  and  non-lieat- 


conducting  inclusion,  the  boundary  conditions  for  the  material  in  the  first  f[iiadrant  are: 


Ct-O, 

1*2  ==  0  ,  ^^12  —  0  4^2  =  0 

r,  :=-W),  =0,  =0 

r,  =0,  r,  -0,  a-V,  -0 


at  r,  =  Xi  =  0 , 

at  Xi  =  X,  =  0 , 

on  the  right  surface, 

on  the  top  face, 

at  the  interface  between  the 
inclusion  and  the  matri.v. 


That  IS,  boundary  conditions  resulting  from  the  assumed  symmetry  of  deformation.s  are 
applied  on  the  left  and  bottom  faces,  the  riglit  face  of  the  block  is  taken  to  be  traction 
free,  and  a  prescribed  normal  velocity  and  zero  tangential  tractions  are  applied  on  the  top 
face.  .All  four  sides  of  the  block  are  assumed  to  be  perfectly  insulated.  The  zero  velocity  and 
the  zero  heat  flux  at  interface  T,,  implies  that  the  second  phase  particle  is  rigid  and  non- 
heat-conducting. 

The  interface  l\  between  the  mcluston  and  the  matrix  has^the  parametric  represen¬ 
tation 

X.'  x-r  , 

- - ;7-  =  I  or  (219) 

a-  62  a2  62 

where  2a  and  26  are  the  major  and  mmor  axes  of  the  ellipse  lespectively, 

ITor  the  initial  conditions  we  take 

o{X,  0)  =  1.0,  fdX  0)  =  0,  isfX  0)  =  0,  /?(X  0)  =  0,  (2.20) 

and  the  loading  path  is 


'  0.005 


0  ^O.OOo, 
(  Z  0  005 


3  Finite  element  t'uriuulation  of  the  problem 

Because  ot  our  inability  to  '.olve  the  coupled  uonliiiear  partial  «littercntial  c(|uatu)us  (2  I3»i 
to  (2.1b)  analytically,  we  .seek  an  .ippro.\imate  numerical  -^oUition  of  the  proiilem  b\  the 
finite  element  method.  By  tising  the  iJalerkin  metho<l  and  the  luinpe<l  ma^s  matrix  e  ii. 
aee  Hughes  [31]).  we  obtain  the  foilo^vinu  ’'emi-<li.scrcte  formulation  of  the  profilcm  from 
Eqs.  (2.13)  —  i2.lb).  boundary  comiitions  (2.1"^),  ami  initial  conditions  t2  20) 

d  =  h'id,  6.  m.  ■.i.l) 

d{o)  =■  do-  (•>  2) 


Here  d  is  the  ve(  tor  of  no  lal  \alues  ot  the  ma.s.s  dcn''itv  tuo  «  oiiiponeiu^  of  the  \(*locitv 
and  the  temperature  The  uumiier  oi  tioniimar  ordinary  ■liffcrential  **quatioiis  *3  1)  cijuaN 
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four  times  the  number  of  nodes.  These  differential  equation^  are  solved  by  using  the  back¬ 
ward  difference  Adams  method  included  in  the  IMSL  subroutine  LSODE.  The  subroutine 
adjusts  the  time  increment  adaptively  until  it  can  compute  a  solution  of  (3.1)  and  (3.2) 
to  the  prescribed  accuracy. 

Batra  and  Liu  [26],  [27]  initially  used  9-noded  quadrilateral  elements.  Their  subsequent 
work  [32]  revealed  that  4*noded  quadrilateral  elements  provide  a  better  resolution  of  the 
intense  deformation  within  the  region  of  localization.  Thus,  we  use  here  -t-noded  quadri¬ 
lateral  elements.  The  finite  element  code  developed  by  Batra  and  Liu  [26]  was  modified 
to  include  the  exponential  thermal  softening  of  the  material. 


4  Numerical  results 

The  following  values  of  material  and  geometric  parameters  used  in  the  calculations  are 
representative  of  a  typical  hard  steel. 

b  10,000  sec ,  (To  =  333  MPa ,  k  =  49.22  Win' ^ ^  w  =  0  025 , 
c  =  473JKg'l'^C-^-  0,  =  7,860  Kg  m-^  B  =  128  OPa, 

(4.1) 

/f=5mm,  (>o=25msec'^  k  =  0.0025''C"‘ , 

a  =  0.2 ,  h  —  0.02  or  a  =  0.02  and  6  =  0.2 . 

FINITE  ELEMENT  MESH  FOR  SHEAR'-IAND 


Fiir.  1.  The  tinite  ‘.uement  me&u  used  for  ihe  of  tuc  or'U)i('m  .vliori  tin-  iiiiiii  I'iliptic  iiu 

pi<vce<i  hori/iuiiuiiy 
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For  values  given  in  (4.1),  6*0  =  89.6  °C  and  the  average  applied  strain-rate  equals  5000  sec'h 
Figure  1  depicts  the  finite  element  mesh  used  in  the  computations  when  the  major  axis 
of  the  elliptic  inclusion  is  along  the  x,-axis.  The  aspect  ratio  of  the  elliptical  inclusion  is 
taken  to  be  large  so  as  to  increase  the  stress  concentration  near  the  vertex  of  the  major 
axis  and  reduce  the  CPU  time  required  to  solve  the  problem.  The  finite  element  mesh  used 
is  ver>'  fine  in  the  region  surrounding  the  edge  of  the  inclusion  and  gradually  becomes 
coarser  as  we  move  away  from  it.  A  similar  mesh  is  used  when  the  major  axis  of  the  in¬ 
clusion  IS  vertical.  We  note  that  we  have  not  made  any  attempt  to  align  the  element  side.s 
along  the  direction  of  maximum  shearing.  Needleman  [25]  has  used  a  mesh  with  the  ele¬ 
ment  sides  aligned  along  the  expected  direction  of  development  of  the  shear  banrl. 

The  isotherms  at  five  different  values  of  the  average  strain  are  plotted  in  Figs.  2a 
through  2e  for  the  horizontally  placed  elliptic  inclusion,  and  Figs.  3a  through  3e  for  the 
vertically  oriented  elliptic  inclusion.  Due  to  the  high  stress  concentration  at  the  tip  of  the 
inclusion,  the  material  near  the  tip  is  severely  deformed  and  gets  heated  up  faster  than  the 
rest  of  the  block.  The  built  up  heat  makes  the  material  softer  but  the  softer  material  cannot 
deform  very  rapidly  because  of  the  constraints  imposed  on  it  by  the  surrounding  material. 
Also  the  heat  slowly  conducts  out  of  this  relatively  warmer  region.  With  continued  further 
straining  of  the  block,  the  material  near  the  inclusion  tip  becomes  sufficiently  hot  that 
thermal  softening  effect  exceeds  the  hardening  due  to  the  straining  of  the  material  Even 
though  the  material  point  near  the  mclusion  tip  may  become  unstable,  a  shear  band  need 
not  initiate  at  this  time.  For  example,  the  one-dim snsional  numerical  studies  [19]— [22] 
make  it  clear  that  a  shear  band  usually  initiates  at  a  value  of  nominal  strain  far  in  excess  of 
the  value  at  which  the  shear  stress  attains  its  peak  v^lue.  Once  a  shear  band  initiates,  the 
material  w'ithin  the  band  gets  heated  up  very  fast.  -As  the  shear  band  grows,  the  rate  of 
tempeiiature  rise  at  the  inclusion  tip  slows  down.  We  have  plotted  in  Figs.  4a  and  4  b  the 
temperature  rise  at  six  points  within  the  deforming  region  as  a  function  of  the  .average 
strain  for  each  of  the  two  cases  considered.  In  each  case,  the  temperature  rises  at  a  point 
near  the  inclusion  tip  much  faster  than  that  at  points  away  from  it.  The  rate  of  temperature 
rise  at  points  near  the  mclusion  tip  decreases  gradually  and  eventually  attains  a  coiustant 
value.  At  points  far  removed  from  the  inclusion  tip,  the  rate  of  temperature  increase  is 
essentially  uniform  implying  thereby  that  the  small  regions  surrounding  these  points  are 
delorming  homogeneously.  Even  though  the  results  for  the  horizontally  and  vertically 
aligned  inclusions  are  similar  in  nature  the  temperature  rise  near  the  inclusion  tip  tor  the 
vertically  aligned  inclusion  is  considerablt  less  as  compared  to  that  for  the  horizontallv 
placed  inclusion  In  each  case,  the  contours  of  constant  temperature  propagate  aioim  liiie'^ 
inclined  at  45  to  the  horizontal  axis.  In  the  absence  of  an  inclusion,  this  will  be  the  direc¬ 
tion  of  the  maximum  shearing  stress. 

The  variation  of  the  effective  stress  .y,  defined  b\ 
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Fii:.  2.  Isotherms  plotted  in  the  reference  configuration  at  different  values  of  the  average  str;un  wuli 
the  horizontally  placed  inclusion 

(a)  :  =  0.0.530.  =  ^-17 - 1. - '2, - 3: - 1; - 5. 

(b)  =  0.H80.  &[5jax  =  ^■6^-  8ee  part  la)  for  values  uf  0  correspondinu  to  different  curves. 

(0)  =  0.1887.  •*'•2. - 4. - 0; - 8;  -  lO 

idl  ;'a\e  =  0.200S.  =  ^1.82.  5iee  part  to  for  values  of  0  corre.sponding  to  different  curves 

(e)  7a^g  =  0.2478  =  10.46.  iiee  part  ic)  for  values  of  0  corresponding  to  different  curves 
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FIs;.  -4  a.  Variation  of  the  temperature  rise  with  the  average  strain  at  six  different  points  for  the  hori¬ 
zontally  aligned  inclusion.  Coordinates  of  these  points  in  the  reference  configuration  are;-  A  (0.2052, 
0.0(K)218).  5(0.1782,  0.01625).  C  (0.009525.  0.02621).  5(0.4044,0.00345),  5(0.0951.  0.2952), 
F  (0.006907.  0,04353) 
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Fii;.  4b.  Variation  of  the  temperature  rise  with  the  average  strain  at  six  different  points  for  the  verti- 
rallv  aiifined  inclusion,  (’uordinate.s  of  these  points  in  the  reference  configuration  are,  .-1  (O.OO021T(j. 
11.20523),  5(0.01625.  0.17824).  0(0.02621,  0.009525).  5(0.t)0345.  0.4044).  5(0,2952,  0.09511). 
5(0.04353.0  006907) 

4 - 

Fiir.  3.  Isotherms  plotted  in  tlie  reference  configuration  at  different  vaiue.sof  tlie  average  '-tram  with 
the  vertically  placed  inclusion 

,ai  =  0.095.  =  <>-Il-  - 4. - 0 

(b)  =  O.I.3I.  =  6  85.  ^ee  part  (ai  for  values  of  0  eorre^'poiuiing  to  different  eurves. 

(Cl  =  0.167.  =■  7  14.  .^ee  part  lai  for  values  of  0  ( orr’spotuling  to  different  curve-, 

^  AM-  =  0.193.  -=  7.24.  >ee  part  lai  for  values  'if  0  corresponding  to  different  curves 

=  <'-248.  -  7.74. - 2.  ----4; - 6 
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Fiir.  .5.  Distribution  o!  tin*  effeetni*  stress  within  tiie  body  at  twfi  afferent  value>  of  tJu*  average 
strain  with  the  inclusion  aligned  along  the  Jj-axis.  lat  =  b.Uo^Jb,  (bf  =  0.2479 
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Fiu.Ta.  Variation  of  the  effective  stress  with  the  average  strain  at  six  different  points  for  tlie  lion- 
zontivlly  aligned  inclusion.  See  Fig.  4  a  for  the  coordinates  of  the  six  points 
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Kia.  7b.  Variation  of  the  effective  stress  with  tlie  average  strain  at  six  different  points  for  tlie  verti- 
c.illy  aligned  inclusion,  .^ee  Fig  4  b  for  the  coordinates  of  six  points 

i.s  plottecl  in  Figs  5a  and  5b.  and  Figs.  6a  and  6b  for  the  horizontallv  and  vertically  placed 
inclusions,  respectively  In  both  cases,  the  stress  drops  noticeably  near  the  tip  of  the  in¬ 
clusion  and  as  the  hand  propagates  along  the  45  direction,  the  shear  stre.ss  drops  The 
rather  small  drop  of  the  sheai  stress  near  the  other  o.vtremitc  of  the  45  line  indicates  that 
the  deformation  there  iias  not  localized  as  much  as  it  has  near  the  inclusion  tip  Batra  and 
Bill  [26].  [27]  u.sed  linear  thermal  soiteninc  laM  with  a  rather  lame  valiie  of  the  thermal 
"oftening  loefficient  and  found  that  once  the  deformation  localized  near  the  Mte  ot  the 
defect.  It  jiropaiiated  oiiickh  alone  the  45'’  cjireetioii  to  the  other  i'dire  Here  the  thermal 
l■^  lepieMaitefi  b\  an  exponential  iiinclion  and  the  baiul  propaLMle-  -Kiuh  li-aoiin: 
one  to  conieiture  tnat  the  speed  of  propagation  of  the  .sheai  band  is  vtroimi\  intluenceii  b\ 
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Flir. 'N.  Contours  of  the  ma.ximum  principal  logarithmic  strain  lal  horizontallv  aliened  inclusion. 

=  0.:U4;  - 0.2. - 0.4. - 0.6, - 0.8. - 1.0,  (b»  vertically 

alicned  inclusion,  =  0.248: - 0.3. - 0.,>. - 0.7. - 0.9, - 1.1 

the  thermal  softening  law  and  the  value  of  the  thermal  softening  coefficient  used.  In  Figs  7  a 
and  7  b.  we  have  plotted  the  variation  of  the  effective  stress  with  the  average  strain  at  six 
points  for  the  horizontally  and  vertically  aligned  inclusions  We  note  that  the  temperature 
rise  at  these  points  w'as  plotted  in  Fig  4.  As  for  the  one-dimensional  case,  the  initiation  and 
development  of  a  shear  band  is  accompanied  by  a  rapid  drop  of  the  effective  stress  The 
.stress  ilrop  at  the  inclusion  tip  is  significantly  more  than  that  at  the  adjoinnm  point  con- 
sKiered  At  points  far  removed  from  the  inclusion  tip.  the  stress  drops  onlv  slightly  The 
oscillations  in  the  value  of  the  effective  stress  at  points  far  away  from  the  inchi.sion  tip  i-' 
possibly  due  to  the  fact  that  the  rate  oi  deformation  there  is  .small  and  the  stress  compu¬ 
tations  involve  the  <livision  of  one  .small  number  by  another  small  number  For  tneh  ca.se 
studied,  the  effective  stress  near  the  inclusion  tip  reaches  a  plateau  after  the  rapid  drop 
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Fiir.  Ott.  Vanation  of  tlu*  maximum  principal  logarithmic  strain  with  the  average  strain  at  six  differ¬ 
ent  points  for  the  horizontally  aligned  inclusion.  See  Fig.  4  a  for  the  coordinates  of  the  six  points 
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Fig.  !)b.  Variation  of  the  maximum  principal  logarithmic  strain  vv.th  the  averace  strain  at  .six  differ¬ 
ent  points  for  the  vertically  aligned  inclusion.  See  Fig.  4b  for  the  coordinates  of  the  six  points 

Thi.s  was  not  observed  m  the  one-dimensional  computations  with  the  linear  thermal  soften- 
1112.  but  was  found  to  be  the  case  [33]  when  the  materia!  behavior  was  modeled  bv  the 
iiodner-Partom  law 

Figures  Sa  and  Sb  depict  the  contours  of  the  ma.ximum  principal  logarithmic  strain 


i  =  In  A, 

where  A,-  is  the  ma.ximum  eigenvalue  of  the  right  Cauchy-(;Ireen  tensor 


(4  3'. 
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Let  and  1  be  the  other  two  eigenvalues  of  Since  the  deformations  are  nearly  iso- 
choric. 

In  /,  sfe  —In  /.  (4.5) 

]t  IS  clear  from  these  plots  that  severe  deformations  occur  in  a  narrow  region  For  the 
horizontallv  aligned  inclusion,  the  shear  band  is  rather  well  defined  For  the  vertically 
alignefl  inclusion,  contours  of  higher  values  of  e  have  not  propagated  farther  into  the  de¬ 
formable  block.  Note  that  the  nominal  strain  at  which  these  results  are  plotted  is  different 
in  the  two  cases.  However,  the  variation  of  e  with  the  nominal  strain  at  six  points  plotted 
in  Figs.  9a  and  9b  reveal  that  near  the  inclusion  tip  £  attains  higher  values  for  the  vertically 
aligned  inclusion  as  compared  to  that  for  the  horizontally  aligned  elliptic  inclusion  For  the 
lormer  case,  the  curves  of  e  vs.  average  strain  coincide  for  points  E  and  F  In  each  case.  ^ 
increases  slowly  f.rst  near  the  inclusion  tip.  Subsequently,  the  rate  of  growth  of  f  pick.s  iij) 
sharply  and  the  region  surrounding  the  inclusion  tip  is  deformed  more  intenselv  as  com¬ 
pared  to  the  rest  of  the  body.  Note  that  the  values  of  the  nominal  strain  at  which  .s,  drops 
sharply  and  e  increases  rapidly  at  the  same  point  near  the  inclusion  tip  are  different  the 
stress  drop  occurs  first  Thus,  even  though  the  material  in  a  small  neighborhood  of  the 
inclusion  tip  has  weakened,  the  surrounding  material  contributes  significantly  to  the  load 
carrying  capacity  of  the  member  and  constrains  the  weaker  small  region  from  deforming 
severely.  Thus,  if  one  adopts  the  view  point  that  a  shear  band  initiates  when  the  maximum 
logarithmic  strain  at  a  point  increases  sharply,  then  the  initiation  of  the  shear  band  in  this 
case  occurs  considerably  after  the  shear  strese  has  dropped  precipitously.  This  differs  from 
the  results  of  the  one-dimensional  computations  [1^],  [33]  in  which  the  precipitous  drop 
of  the  *ihearetre88  and  the  sharp  increase  of  the  pfiatic  strain  at  a  point  occur  simultane¬ 
ously. 

Figure  10  depicts  the  velocity  field  within  the  deforming  material  at  an  average  strain 
of  25°,o  and  when  the  major  axis  of  the  inclusion  is  along  the  .r,-axi8  There  is  a  noticeable 
change  in  the  velocity  field  across  the  45°  line  along  which  a  shear  band  has  formed.  John¬ 
son  [34]  has  recently  pointed  out  that  Tresca  [35]  and  Massey  [36]  observed  shear  bands 
in  the  form  cf  a  cross  with  sides  inclined  at  ±45'  to  the  direction  of  loading  during  hot 
forging  of  certain  metals.  They  asserted  that  the  tangential  velocity  is  discontinuous  acros.s 
these  bands  The  velocity  field  plotted  in  Fig.  10  supports  this  to  some  degree  We  add 
that  the  velocity  field  plotted  in  Fig.  3  of  Batra  and  Liu's  paper  [26]  vividly  deinonst rates 
that  the  tangential  velocity  suffers  a  jump  across  the  shear  band.  The  velocity  field  for  the 
vertically  aligned  inclusion  exhibits  a  behavior  similar  to  that  shown  in  Fia  10  and  the 
plots  are  not  included  herein. 

The  average  compressive  force  Fy  given  by 
1 

Fy  =  - I  (722  d.r,  (4.6i 

0 

versus  the  nominal  strain  is  plotted  for  the  two  cases  in  Fig  11  The  curve  of  dash  line.s 
represents  the  case  when  there  is  no  inclusion  present  The  integral  in  Eq.  (4  6)  is  evaluated 
b\  using  values  of  ajo  at  quadrature  points  on  the  top  loading  surface  Initial!) .  the  applied 
force  increases  almost  linearly  in  each  case  <iue  to  the  linear  increase  of  the  applied  veloi.- 
it)  The  presence  of  the  inclusion  necessitates  mitialh  a  larger  force  as  compared  to  that 
re(|uired  to  deform  the  homogeneous  block  Due  to  the  heating  of  the  block  caused  hv  the 
ensuing  plastic  deformation,  the  material  soiten.s  and  the  load  recjuired  to  delorm  it  lie- 
oreases.  This  decrease  in  the  load  is  more  for  the  block  with  an  inclusion  because  of  the 
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Kie.  11.  Load-.iverage  strain  curves  for  (a)  horizonuily  dianed  inclusion  (solid  linci. 

1 1)1  vertically  .iliizncd  inclusion  (solid  lino.  TIu*  dash  liiu*  reprosonts  the  lo.id-di.splaccmeiir  >  ur\e 
when  there  is  no  inclusion  present  m  the  block 


nucleatioti  of  a  shear  band  near  the  tip  of  the  inclusion.  Kowever,  'tuhsetjuent  to  the  ini¬ 
tiation  of  a  shear  band,  the  applied  force  stays  lower  than  that  for  the  homogeneous  block 
signifying  the  lower  load  carrying  capacity  of  the  member  once  a  >hear  band  develops  :n 
it.  The  oscillations  in  the  applied  force  are  more  for  the  vertically  iligned  inclusion  The^iO 
can  be  attributed,  at  least  partially,  to  the  fact  that  the  detormation  in  the  top  row  i>f 
elements  is  not  homogeneous  and  the  computations  of  fractions  .it  the  boundary  [)<unts 
IS  less  accurate  as  compared  to  the  'lolution  within  the  block.  Xote  that  contours  ot  'iitfer- 
ent  yaiues  of  ^  and  0  arriye  at  ''Ome  elements  in  the  top  mw  .it  dilfcreut  iiiatants  aid  fhua 
affect  the  atress  distiibutioa  in  the  elements.  We  believe  that  the  uae  d  a  nuer  ineah  Aouid 


106 


Z.  G.  Zhu  and  R.  C.  Batra 


decrease  the  oscillations  in  but  this  coukl  not  he  venfiefl  because  of  the  limited  com¬ 
putational  resources  available  to  us.  Also,  a  finer  mesh  would  improve  the  resolution  of 
the  deformation  within  the  band. 


5  Conclusions 

The  problem  of  the  initiation  and  subsequent  growth  of  a  shear  band  in  plane  strain  thermo¬ 
mechanical  fleformations  of  a  viscopl6istic  block  containing  an  elliptical  inclusion  has  been 
studied  by  the  finite  element  method.  It  is  found  that  a  shear  band  nucleates  at  the  tip  of 
the  inclusion  and  propagates  along  the  direction  of  maximum  shearing.  As  the  strain  rate 
within  the  band  increases,  the  effective  stress  in  it  rlrops  and  the  temperature  continues  to 
increase.  The  maximum  computed  temperature  when  the  effective  stress  had  dropped  to 
nearly  zero  equalled  937  °C.  At  a  point  near  the  inclusion  tip  the  effective  stress  drops 
rapidly  first.  This  is  followed,  much  later,  by  a  sharp  increase  in  the  maximum  principal 
logarithmic  strain  at  the  same  point.  This  delay  is  povssibly  due  to  the  constraining  effects 
of  the  relatively  strong  material  surrounding  the  weakened  material  near  the  inclusion  tip. 
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Summary.  We  presume  that  plane  strain  state  ot  deformation  prevails  when  the  interior  of  a  long 
gun  barrell  or  a  cylindrical  pressure  vessel  is  dynamically  loaded.  The  viscoplastic  material  of  the 
body  is  taken  to  exhibit  strain-rate  hardening  and  thermal  softening.  Two  thin  ellipsoidal  voids 
located  .symmetrically  on  the  horizontal  axis  and  near  the  venter  ot  tlie  vviinder  wall  act  a.s  nuclei 
for  the  initiation  of  shear  bands.  We  note  that  deformations  of  the  vyiinder  are  noiihomoKeneous 
even  in  the  absence  of  the  voids.  It  is  therefore  interesting  to  investigate  when  the  bands  initiate 
from  the  void  tips  and  the  interaction,  if  any.  among  them. 

It  is  found  that  shear  bands  initiate  first  at  void  tips  closer  to  the  center  of  the  cylinder.  These 
bands  propagate  faster  to  the  inner  surface  of  the  cylinder  as  compared  to  those  initiating  from 
the  other  void  tips  which  propagate  towards  the  outer  bounding  surface  of  the  cylinder.  Whereas 
contours  of  constant  maximum  principal  loganthmio  strain  originating  from  the  outer  void  tips 
.spread  out  laterally  in  both  directions  as  they  propagate  into  the  cylinder,  those  originating  from 
the  inner  void  tips  .spread  out  in  only  one  lateral  direction  as  they  propasate  into  the  body. 


I  Injtroduction 

Johnson  [H  has  recently  pointed  out  that  Tresca  [2)  observed  hot  lines  during  the  formnc; 
of  platinum  in  I87b.  Tresca  stated  that  these  were  the  lines  of  greatest  >liding,  and  also 
therefore  the  zones  of  greatest  development  of  heat.  .Subse<tuently,  these  hot  lines  were  al.so 
observed  bv  .\Ia.^.sey  (3|  in  1921.  He  stated  that  “when  diagonal  Mippina'  takes  place  then* 
IS  great  triction  between  particles  and  a  considerable  amount  ot  heat  is  uenenited”  These 
hot  lines  are  now  reierred  to  a.s  adiabatic  shear  hands,  Zener  and  Hollomon  [41  ot)MTv«*d 
:12  am  wide  .-^hear  bands  during  the  punching  of  a  hole  in  a  -.teel  plate  The\  added  diat 
lieatmt:  -  aused  bv  the  pla.'iCic  oeiormation  of  the  material  made  it  -.otter  uid  the  mat(*nal 
became  unstable  when  this  thermal  aottening  equalled  the  combined  effects  of  -.iriui  nid 
■>lrain-rate  liardeiung,  .Since  then  there  have  been  numeious  anal\tical  [Sj— [131.  mimei  K  < 
[I4j— [30j  ami  e\perir.;entai  [Jlj— [34{  -jiudies  aimed  at  iindei-stamiing  the  [)h\sK^^  luo 
factors  that  enhance  or  inhibit  the  initiation  and  development  ut  ^hear  bunds  Mo^it  of  the 
analytical  and  numerical  w^orks  have  ^tuiiied  the  simple  sfieaimg  deformations  of  i  vihco- 
plastic  body  and  modeled  a  material  <lefect  by  introducing  (i)  a  perturbation  m  temperature 
i-v  slram-iate. '  iii  a  geometric  defect  .such  as  a  notch  or  a  smooth  variation  m  the  chitkaos 
ot  the  '.pecimen.  (iin  i  weaker  material  at  the  "ite  ot  the  defect,  iv)  .i  -void,  or  vi  i  ruiui 
inclusion 

The  previous  two-dimensioual  studies  [241— [30]  have  presumed  tfiat  plane  -tiain  'f.ue 
of  lieformation  prevails  in  the  body  Also,  the  bodv  undeigoe.s  honiogeneou.s  detoimatiou^ 
ill  the  ausonce  of  material  delect  Here,  we  -jtudx  the  autution  and  iiowtli  of  l  -iie.ii 
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band  originating  from  the  tips  of  a  long  narrow  elliptic  void  or  crack  in  a  hollow  cylindrical 
vessel  whose  inner  surface  is  subjected  to  an  impact  load.  We  note  that  the  deformations 
of  the  cylindrical  pressure  vessel  are  non-homogeneous  even  in  the  absence  of  the  void. 
Also  because  of  the  tensile  hoop  stress,  the  void  never  coalesces.  It  is  rather  interesting  to 
explore  whether  or  not  the  bands  initiate  simultaneously  from  the  void  tips,  their  direction 
of  propagation  and  the  interaction  amongst  them. 

The  computed  results  suggest  that  the  shear  bands  at  the  void  tips  initiate  at  different 
times  and  grow  independently  of  each  other.  Due  to  the  stress  concentration  at  void  tips, 
the  temperature  there  rises.  This  is  followed  by  a  rapid  drop  in  the  effective  stress.  Soon 
after  the  effective  stress  drops  to  nearly  zero  value,  the  maximum  principal  logarithmic 
strain  increases  sharply.  This  increased  deformation  produces  more  heating  which  makes 
the  material  softer  and  hence  facilitates  its  subsequent  even  larger  fleformations. 


2  Formulation  of  the  problem 

We  use  rectangular  Cartesian  coordinates  to  analyze  the  plane  strain  deformations  ot  .i 
long  cylindrical  pressure  vessel  made  of  a  thermally  softening  viscoplastic  material  and 
loaded  internally  by  an  impulsive  load.  The  cross-section  of  the  body,  shown  in  Fig.  1,  has 
two  narrow  ellipsoidal  voids  situated  on  the  horizontal  a.xis  and  the  deformations  of  the 
body  are  presumed  to  be  symmetrical  about  the  two  centroidal  a.xes.  Therefore,  only  the 
deformations  of  the  material  in  the  first  quadrant  are  analyzed.  In  terms  of  non-dunensional 
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variables,  equations  governing  the  deformations  of  the  body  are  [26j: 


0  —  QVij  =  0,  (2.11 

ovi),- =  a,,-.,,  (2.21 

Qd==^d,ii-Q,  {2.31 

=  -r2/iA,.  f2.41 

2/<  =4-(l  ~6n”(l  -  x9),  (2.5) 

=  (^i.j  i'/.»)/2,  2/-  =  DijDii,  Dij  —  Da  —  l/3Z)n(5,p  {2.f)l 

Q^2uDiiDii,  (2.71 


Equations  (2.11,  (2.21  and  (2.31  express,  respectively,  the  balance  of  mass,  balance  of  linear 
momentum  and  the  balance  of  internal  energy.  Equation  (2.41  la  the  presumed  constitutive 
relation  for  the  Cauchy  stress  a^^  where  2/<  is  defineil  by  Eq.  (2.51.  In  Eijs.  (2.11— (2.71,  o  is 
the  mass  density,  l\  the  velocity  of  a  material  particle  in  the  direction  u-,,  0  is  the  temperature 
rise  at  a  material  particle,  /I  is  the  non-dimensional  diffiisivity,  a,  is  the  yield  stress  for  the 
material  of  the  bofly  in  a  quasistatic  simple  compression  test,  B  is  the  bulk  modulus, 
parameters  b  and  m  describe  the  strai.n-rate  hardening  of  the  material,  x  characterizes  its 
thermal  softening,  Q  is  the  rate  of  heat  generated  because  of  the  plastic  working,  a  super¬ 
imposed  dot  stands  for  the  material  time  derivative,  a  comma  followed  by  an  index  i 
implies  partial  differentiation  with  respect  to  xj,  and  the  usual  summation  convention  is 
used. 

The  non-dimensional  variables  ar^^celated  to  their  dimensional  counterparts,  denoterl 
below  by  a  superimposed  bar,  as  follows: 

tJ  =  <rao ,  /  =  Vo ,  5  =  bHo/ Vo,  B  ~  Boo , 

^  OotitM),  d  ==  OBo,  S  =  xido,  5  =  oQo,  (2.S) 

Here  is  the  outer  ra<lius  of  the  cylindrical  vessel,  c,  is  the  final  value  of  the  radial  velocity 
imposed  on  the  inner  surface,  t  is  the  elapsed  time,  c  is  the  constant  .specific  heat,  k  the 
constant  thermal  conductivity  of  the  material  of  the  body,  and  is  the  mass  lien.sity  in  rhe 
iindetormed  reference  configuration  ol  the  body.  The  parameter  »  indicates  the  relative 
magnitude  of  the  inertia  forces  as  compared  to  the  tlow  ->tre8s. 

Del  me  bv 

V,,  =  (7„  —  [B{o  —  n  —  (2«-3)  D[ck\*\,  —  2uD.,  ‘2.3  1.  2) 

Thus. 

(T25„>'„/‘'’  =(L}/.^(1  -  xOm  -W)"*.  2.101 

where  we  have  substituted  for  2u  from  Etj.  s2.5i.  Equation  2.101  van  he  regarcied  as 
representing  a  generalized  von  .Mises  vield  surtace  with  the  tlow  stress,  given  b\  the  right- 
hand  side  of  Eq  2.10),  at  a  material  particle  depending  upon  rhe  ^train-iate  itid  rhe 
temperature  rise. 

For  the  initial  conditions,  we  take 
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r>(.r.  Oi  =  I . 


r(.:e, 0)  -0, 


=0 


2  ID 
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That  IS,  the  body  is  initially  at  rest,  and  has  a  uniform  temperature  and  a  constant  mass 
density.  We  also  assume  that  the  body  is  initially  stress  free  The  boumlary  conditions  for 
the  material  in  the  first  quadrant  are  taken  to  be 


=  hit),  =  0  and  7,  ~  0,  on  the  inner  surface  AB,  (2.12) 

y,  =z  0,  (7,2  =  0  and  72  =0  on  the  bottom  .surface  BC,  (2.13  1) 

=  0,  and  q^n=0  on  the  void  surface ,  (2.13.2) 

a„z:z0,  <74,  =  0  and  7r  =  0  on  the  outer  surface  CZ),  (2.14) 

{•j  =0,  (72,  =0  and  7,  =  0  on  the  left  surface  D/1 .  (2.15) 


Here  7,  =  ^  is  the  heat  flux,  the  sub.scripts  r  and  0  denote  the  radial  and  circum¬ 

ferential  components  of  a  (piantity.  ""iese  boundary  conditions  simulate  the  case  when  all 
bounding  surfaces  are  taken  to  be  perfectly  insulated,  the  conditions  imposed  by  the 
presumed  symmetry  of  the  deformations  are  applied  on  the  surfaces  BC  and  DA.  the  outer 
surface  is  taken  to  he  traction  free,  and  material  particles  on  the  inner  surface  .-{B  are 
subjected  to  zero  tangential  velocity  and  time  flependent  radial  velocity  This  radial 
velocity  simulates  approximately  the  effect  of  impact  loading  in  the  interior  of  the  cylinder. 
The  loading  function  hit)  is  taken  to  be 


hit)  =.//0.005  ,  0^/g0.005. 

=  1,  0.006, 


(2.16) 


We  note  that  the  governing  equat^jans  (2.1)  through  (2.7)  are  coupled  and  highly  non¬ 
linear.  It  is  rather  hard  to  prove  that  these  equations  under  the  side  conditions  (2.11) 
through  (2.15)  have  a  solution  or  that  the  solution  is  unique.  We  .seek  an  approximate 
solution  of  these  equations  by  the  finite  element  method.  By  using  the  <.hilerkiu  appro.M- 
mation  (35],  w'e  first  obtain  from  Eqa.  (2.1)  through  (2.3)  a  set  of  coupled  iioulinear  ordinary 
differential  equations.  The  number  of  these  equations  eijuals  four  times  the  number  of 
nodes  in  the  finite  element  discretization  of  the  domain.  We  use  four  noded  i.so  para  me  trie 
quadrilateral  elements  to  discretize  the  domain  .uni  ii^e  the  lumped  ma.ss  matrix.  The.se 
ordinary  differential  equations  are  integrated  with  respect  to  time  bv  u.sinjz  the  \dams 
method  included  m  the  subroutine  LSODE  [36].  The  computer  code  developed  1)\  Batra 
and  Liu  [27]  was  suitably  modified  to  solve  the  pre.seut  problem. 


3  Computation  and  discussion  of  results 

Assuming  that  the  izun  harreil  or  the  cylindrical  pressure  ves.sel  i.s  made  of  a  t\pical  ^tcel, 
we  look  the  following  values  for  various  parameter. 

b  ^  10, (XK)  see.  rr,  =  333  .\IPa.  k  -  49  22  W  m  ^  C  ^  m  -  0  025, 

c  -  473Jkg  ‘  7,  =  7.S(K)  kg 'T>  B  =  128(1  Pa,  3.1 1 

\  =  0(X)25  C'^  r.,  ~  25  in  .'lec  5,-25  mm.  5o  =  50  mm 

Here  R,  and  A’o  denote,  respectiv^^ 'v  the  inner  .uid  the  outer  radius  oi  the  pres.Mire  ve.s.sel 
For  value'^  oiven  m  i3.1'.  0.,  --  s9  6  The  location  and  leiativc  omuMi.Mon^  ui  the  'koio  arc 
^tiown  HI  Fig  I  The  a.^^pect  lataj  oi  the  ciliptic.d  .oiu  is  t.ikcn  to  l»c  Lirge  s<>  .i.'j  to  mcrca.se 
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FINITE  ELEMENT  MESH  FOR  SHEAR  BAND  WITH  CRACK 

(R1  *  l.R2»0  5JI/Bs8,  A=0  025.Ra0  75) 


Fl9«  2.  Finite  element  dUcretization  of  the  region  analyzed 


the  stress  concentration  near  the  void  tips  and  thereby  accelerate  the  initiation  of  shear 
bands.  The  finite  element  mesh,  depicted  in  Fig.  2,  is  very  fine  m  the  regions  surrounding 
the  void  tips  and  gradually  becomes  coarser  as  we  move  away  from  them.  Xo  attempt  has 
been  made  to  align  element  sides  in  any  particular  direction.  Needleman  [25]  used  .i  mesh 
with  the  element  sides  aligned  along  the  e.xpected  direction  i)f  the  development  of  the  ■^hear 
band.  He  pointed  out  that  such  a  mesh  will  give  a  better  resolution  of  the  sharp  gradients  ot 
the  ileformation  within  the  band. 

In  Figs.  2a  through  2e,  we  have  plotted  contours  of  the  temperature  n.se  0  at  t  =  n  0121), 
0.0141),  0.0177,  0.010 1.  0.0210,  and  0.0255  respectivelv  The  temperature  rise  at  i  point  is 
essentially  proportional  to  the  plastic  work  done  there  since  for  t  ~  0  025.5, i  ~  51  xs  and 
the  time  available  for  the  heat  to  be  conducted  away  is  rather  small.  In  order  to  liet  iplier 
these  contours  clearly,  we  have  focussed  on  a  small  region  containing  the  dlipscjidal  voni 
It  IS  clear  from  these  plots  that  the  contours  ot  temperature  propagate  towards  the  bounding 
surfaces  »)f  the  cylinder  as  its  'leformation  progresses  Whereas  temperature  contoui-s 
surrounding  the  right  tip  of  the  void  fan  out  laterally  m  both  directions,  those  Mirroundinu 
the  left  tip  »>f  the  void  spread  out  only  downward  towards  the  horizontal  axis  and  the  uppei 
edge  only  moves  longitudinally  towards  the  inner  surface  of  the  cvhnder  The  distance 
through  which  these  contours  propagate  <lepends  upon  0,  tho.se  tor  higher  v.ilnes  ot  9  travel 
through  a  smaller  ilistance  imphing  thereby  that  their  spee»is  are  le.^'S  .i-,  -ompaK'd  ro  the 
^peed  ol  propagation  of  contours  ot  the  lower  temperature.  In  order  to  a.s.sess  the  »‘ffect  <>t 
intense  <leformations  near  the  void  tips  on  the  temperature  n.se  there,  we  have  jilotted  iii 
Fig.  1  the  temperature  rise  vs.  the  radial  displacement  ot  the  inner  >urtace  at  toui  ddferent 


122 


tOOROlNAIt  Xa  -COOKOINAIE 


226 


R.  C.  Batra  and  X.«T.  Zhane 


points  situated  on  the  horizontal  axis.  Two  of  these  points,  namely  Q  and  R,  are  close  to  the 
vcifl  tips  c  nd  the  other  two  points,  P  and  S,  are  near  the  bounding  surfaces.  It  is  clear  from 
the  plots  of  Fig.  4-  that  the  temperature  rise  at  points  near  the  bounding  .surfaces  of  the 
cylinder  is  miniscule  as  compared  to  that  near  the  void  tips.  Also,  the  temperature  rise  near 
the  void  tip  closer  to  the  inner  surface  is  significantly  more  than  that  at  the  other  void  tip. 
VVe  note  that  the  rate  of  temperature  rise  at  these  points  is  not  constant.  However,  the  two 
curves  essentially  stay  parallel  to  each  other  after  the  initial  development  of  shear  bands 
near  the  void  tips.  Computations  were  stopped  when  the  temperature  at  any  point  reached 
the  presumed  meltr-.g  temperature  of  the  material.  Unlike  the  one-dimensional  problem, 
the  melting  of  a  material  point  does  not  necessarily  imply  that  the  loarl  carrying  capacity 
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Fig.  3.  t-ontours  of  the  temperature  rise  0  at  different  values  of  elapsed  time 
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Kiff.  4.  The  femper.uure  rise  vs.  the  radial  Usplucemeat  ot  ‘  inner  ■'Urtace  u  roar  aifferrnt  puinti) 
in  the  regnm  < 'u-'irninate*?  >1  points  m  die '>tro*«i  trei*  H't'eretuc  t  (nifiLnir.icmn  ..re n  aM  o.  oiioi  m. 
^^(0.710:{.  o.uo:>3),  /i(0.7704.  'MXK1.7I  '>(0  09b-4.  <M)U27. 
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()l  the  cvliiifler  has  been  reduced  to  zero  since  t!ie  material  .surrounding  the  melted  part  of 
the  bofly  constrains  its  subsequent  deforniations.  Wiiereas  in  the  one-dnnen.sional  (om- 
piitations  [07],  subsequent  to  the  formation  of  a  shear  baiul,  the  rate  ot  temperature  rise 
within  the  band  was  a  noiidecreasing  function  of  time  e.xcept  for  the  Bodner-l’artom  law 
that  IS  not  so  in  the  problem  being  sturlied  herein.  Here  the  rate  of  the  temperature  rise  at 
a  point  near  the  voiti  tips  decreases  slowly  implying  thereby  that  it  will  eventually  reach 
a  plateau.  For  the  2-dimeusional  problem  involving  the  plane  strain  compression  of  a 
vrscoplastic  block  containing  a  rigid  ellipsoidal  inclusion  .studied  by  Zhu  and  Batra  [29],  the 
rate  of  temperature  rise  gradually  decreased.  Zhu  and  Batra  assiimefl  an  exponential  ther¬ 
mal  softening  law.  Therefore  no  material  point  ever  lost  its  strength  completely  m  their 
computations. 

In  order  to  elucidate  how  the  strain  field  grows  within  shear  bands  and  the  legioii 
MiiTounding  them,  we  have  plotted  contours  of  the  maximum  principal  logarithmic  'strain  f 
111  Fig.  5a— 5e  att  =  0.0129,0.0149,0.0177,0.0191.0.0219  and  O0255  respectively  Note 
that 

f  ^  In  A,  —111  z.  (2.2^ 

where  A,-,  A.-  and  1  are  the  eigenvalues  of  the  right  Cauchy-(h‘een  tensor  defined  a." 

The  second  relation  in  Eq.  (3.2]  follows  from  the  fact  that  the  rleformations  are  nearly 
isochonc.  It  IS  clear  that  at  any  instant  the  shear  band  initiating  from  the  left  void  tip  hao 
propagated  farther  into  the  body  than  that  imtiatmg  from  the  right  void  tip.  A  possible 
reason  for  this  could  be  that  the  material  to  the  left  of  the  void  undergoes  more  .severe 
deformations  as  compared  to  that  lyii%  to  the  right  of  the  void.  The  iionhomogeneou.'* 
deformations  of  the  cylinder,  even  in  the  absence  of  the  void,  possibly  account  for  the 
different  rate  of  growth  of  the  two  shear  bands  at  the  void  tips.  Like  the  contours  of 
temperature,  as  the  shear  band  develops,  contours  of  successively  higher  values  of  • 
originate  from  the  void  tips  and  propagate  into  the  body  Whereas  coiitoiii's  of  r  originating 
from  the  right  void  tip  fan  out  laterally  in  both  directions  as  thev  propagate  into  the  body 
those  ongiiiatmg  at  the  left  void  tip  spread  out  only  m  one  lateral  direction  The  ploth  in 
Fig  6  of  £  vs.  the  radial  displacement  of  the  inner  surface  at  six  points  located  near  tlie 
horizontal  axis  reveal  the  intensity  of  the  deformation  wnthm  the  shear  bands  We  note 
that  points  T  and  U  are  very  close  to  Q  and  R  respectively  Thev  were  cho.sen  >0  a.s  to  lie  on 
the  path  of  the  shear  bands.  It  seems  that  the  rapid  growth  of  the  strain  within  the  two 
bands  initiates  almost  simultaneously.  However,  the  rate  of  growth  of  ’^he  deformation  .n 
the  band  surrounding  the  left  void  tip  is  noticeably  iugher  than  that  m  the  Dand  eiuloMn.: 
the  right  void  tip.  It  is  interesting  to  note  that  the  (.hanges  m  the  rate  of  development  ut 
the  two  bands  occur  essentially  at  the  same  time  and  are  similar  m  nature  We  note  tnat  tiie 
maximum  value  of  £  in  the  left  band  is  more  than  100  times  the  maximum  value  ot  -  u  ,ur. 
point  near  the  inner  or  outer  surfaces  of  the  cylinder  A  comparison  of  the  curve',  tti  V',  tli^ 


Fiir.  Contours  of  the  maximum  principal  logarithmic  ',irain  e  at  different  \alues  <>1  the  oiapseu 
time 

a  t  =  0.0120  b  t  =  0.0149  c  t  =  0.0177 
il  t  =  0  019  I  e  t  =  0.0219  t  t  =  0.025.3 
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RADIAL  OlsaACEMENT  OP  THE  INNER  SURFACE 

Fl?«  The  maximum  principal  logarithmic  strain  ^s.  the  radial  displacement  oi  the  inner  surface 
at  SIX  different  points  m  the  region.  See  Fig.  4  for  the  co*ordmates  of  points  P,  Q,  R,  S.  Co-ordinates 
of  other  two  points  are  T(0.TISS.  0.0034),  6’(0.7764.  0.0037) 
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RADIAL  OiSPLACEMeNT  OP  'Hg  INNER  SURFACE 

Fig.  7.  Tlie  effective  stress  vs.  the  r.adial  displacement  of  tile  inner  surface  at  six  different  point" 
in  the  region.  See  Fig.  6  for  the  coordinates  of  point? 

radial  displacement  of  the  inner  surface  at  pouit.s  and  7',  and  /?  aiifl  T’' reveals  that 
contoni's  of  .small  values  of  >  propagate  miuh  taster  than  those  ot  large  values  of  Foi 
example,  the  time  taken  for  f  —  0  437  to  travel  from  point  (/  to  point  T  equals  1  714  4 
and  the  distance  VT  ecjual'.O  02405  mm  therehv  jivmg  rhe  speed  of  contour  of  ^  ~  0  437 
a.s  14  m/sec  A  similar  evert  i-e  giv'es  that  the  u>utourof  f  =  0.2524  travels  between  points 
R  and  A  at  a  speed  ol  115  2  im.see  U*e  note  that  '■he  "fate  ot  reformation  m  the  legion 
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surrouiiclmg  points  ()aud  for  the  aforestated  values  of  £  is  quite  different  Xeedleman  [25], 
who  studied  plane  strain  deformations  of  a  viscoplastic  block  deformed  m  simple  com¬ 
pression.  found  that  contours  of  constant  values  of  £  propagated  at  speeds  ranging  from 
590  m  sec  to  2500  m/sec  depending  upon  the  imposed  nominal  stram-rate.  The  constitutive 
relation  used  by  Needleman  is  quite  different  from  the  one  employed  herein. 

In  Fig.  7,  we  have  plotted  the  evolution  of  the  effective  stress  detined  as 

at  points  P,  R  and  previously  described.  It  is  evident  that  the  effective  stress  at 
points  P  and  *S  that  are  close  to  the  inner  and  outer  surfaces,  respectively,  stays  es.sentiaily 
constant  after  the  initial  transients  have  died  out.  The  small  oscillations  reflect  possibly  the 
arrival  of  the  contours  of  different  strain  and  temperature  at  rlifferent  values  of  the  elapsed 
time.  The  effective  stress  within  the  two  bands  drops  gradually  to  nearly  zero.  The  effective 
stress  in  the  left  band  is  alway’s  lower  than  that  in  the  right  band  which  is  consistent  w  ith 
the  higher  values  of  the  temperature  in  the  left  band.  Recalling  the  plots  of  £  vs  the  radial 
flisplacement  of  the  iimer  surface  in  Fig.  8,  we  see  that  the  rapul  rise  in  the  values  of  £ 
within  the  bands  starts  after  the  effective  stress  has  dropped  significantly  2hu  and  Batra 
[29]  observed  a  similar  phenomenon  m  their  study  of  the  plane  stram  compression  of  a 
viscoplastic  block  containing  a  non-heat-conducting  rigid  inclusion  even  though  they 
modeled  thermal  softening  by  an  exponential  function  as  opposed  to  the  linear  function 
used  herein.  This  is  possibly  due  to  the  fact  that  the  relatively  stronger  material  surrounding 
the  weaker  material  within  the  band  constrains  the  deformations  of  the  latter 
Figure  8  shows  how  the  average  pr^ure 

Ml 

p  =!  —2 .1  j  a„(0.5, 0)  dB  T  (3.5) 
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RADIAL  DISPLACEMENT  OF  THE  INNER  SURFACE 

Fig.  The  average  internal  pressure  vs.  radial  displacement  of  the  mnter'  in\ue - Homoge¬ 
neous  c\ under: - <\viinder  with  voids 
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on  the  inner  surface  vanes  with  its  radial  displacement.  The  dashed  curve  corresponds  to 
the  deformations  of  a  homogeneous  cylinder  and  the  solid  curve  to  that  of  the  cylinder  with 
two  ellipsoidal  voids  placed  symmetrically  on  the  horizontal  a.xis.  Note  that  in  the  solution 
of  the  problem,  essential  boundary  conditions  are  prescribeil  on  the  inner  surface  of  the 
cylinder.  Subsec|uent  to  the  development  of  the  shear  bands  at  void  tips,  as  sigmfiefl  by  the 
rapid  rise  of  the  maximum  principal  logarithmic  strain,  the  average  pressure  m  the  cylinder 
with  the  shear  bands  stays  lower  than  that  in  the  homogeneous  cylimler.  Tin.'  reflects  the 
decrease  m  the  loarl  carrying  capacity  of  the  cylinder  once  a  shear  baiul  has  developed  m  it 


4  Conclusions 

We  have  studied  the  problem  of  the  initiation  and  growth  of  shear  bands  at  voin  tips  rlunng 
the  plane  strain  deformations  of  a  hollow  cylinder  subjected  to  an  impact  load  on  the  inner 
surface.  Shear  bauds  are  found  to  rlevelop  at  each  void  tip.  The  band  forming  at  the  void 
tip  near  the  inner  surface  propagates  tow  arris  the  inner  surface  of  the  cylinder  and  that 
forming  at  the  vokI  tip  near  the  outer  surface  propagates  towards  the  outer  'Urface  of  the 
cylinder.  Whereas  contours  of  the  maximum  principal  logarithmic  strain  and  the  tem¬ 
perature  rise  originating  at  the  void  tip  near  the  outer  surface  fan  out  laterally  as  they 
propagate  into  the  body,  those  originating  at  the  other  void  tip  fan  out  only  m  the  direction 
of  the  major  axis  of  tlie  ellipsoidal  void.  The  shear  band  at  the  void  tip  near  the  inner 
surface  forms  sooner  than  that  at  the  other  void  tip. 

A  review  of  the  results  discuaaed  in  the  previous  section  gives  the  following  scenario  for  ' 
the  development  of  shear  ban^  at  the  void  tips.  First,  the  temperature  m  the  narrow 
region  suiTouudiiig  the  void  tips  rises  because  of  the  stress  concentmtion  there.  This  is 
followed  by  a  rapid  drop  in  the  effective  stress  and  subsequently  by  a  sharp  uicrease  m  the 
values  of  the  maximum  principal  logarithmic  stram.  The  rate  of  drop  of  the  effective  stress 
and  that  of  the  rise  in  the  maximum  prmcipal  logarithmic  strain  depend  upon  the  material 
parametera  and  the  constitutive  relation  used  to  model  the  material  response 
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Sumniury.  We  study  tlie  rlcvelopment  of  shear  bands  in  a  therinully  sol'toiiing  visroplastie  prismatic 
body  of  s([i[aro  cross-section  and  containing  two  symmetrically  placed  thin  layers  of  \i  different 
visctjplastic  material  and  two  elliptical  voids  with  their  major  axes  aligned  along  the  vertical  eemroi- 
dal  axis  of  the  cross-section.  One  tip  fif  each  cllipthail  void  is  abutting  the  eomtiion  interface  between 
the  layer  and  the  matrix  material.  Two  cases,  i.e.»  when  the  yield  stress  of  the  material  of  the  thin 
layer  in  a  quaaistatic  simple  compref?.sion  test  equals  either  five  times  or  one-fifth  that  of  the  matrix 
material  are  studied.  The  body  is  deformed  in  plane  strain  compression  at  an  average  strain-rate  of 
d.Odi)  sec“‘.  and  the  deformations  are  a.ssumed  to  be  symmetrical  about  the  centroidal  axes. 

It  is  found  that  in  each  case  shear  bands  initiate  from  points  on  the  vertical  traction  free  surfaces 
wliore  the  layer  and  the  matrix  materials  meet.  These  bands  propagate  horizontally  into  the  layi'r 
when  it  is  made  of  a  softer  material  and  into  the  matri.x  along  lines  making  an  angle  of  —  Jo’  with  the 
vertical  when  the  layer  material  is  harder.  In  the  former  case,  the  bund  in  the  layer  near  the  upper 
matrix/ layer  interface  bifurcates  into  two  banjlp*  one  propagating  horizontally  into  the  layer  and  the 
otlier  into  the  matrix  material  along  the  direction  of  the  maximum  shear  stress.  The  band  in  the 
layer  near  the  lower  matrix/ layer  interface  propagates  horizontally  first  into  the  layer  and  then  into 
the  matrix  material  along  the  direction  of  the  maximum  sjiear  .stress.  rrre.spective  of  the  value  of  tJic 
yield  stress  for  the  layer  material,  a  band  also  initiate.s  from  the  void  tip  abutting  tlie  layer/ matrix 
interface.  This  band  propagate.s  Initially  along  the  layermiatrix  interface  and  then  itUti  the  matrix 
material  along  a  line  making  an  angle  of  approximately  Jo  with  the  vortical. 


I  [iitroiluction 

Johnson  [1|  bus  recently  pointed  out  that  Tre.sea  [2}  in  L87<S  aiul  Mariney  [:\]  in  l!J2l  ob¬ 
served  hot  lities,  now  referred  to  as  shear  hniuls.  in  the  form  of  a  cross  i luring  the  hot 
forging'd'a  metal.  I’here  has  heenasurge  of  aettvity  in  thus  ai'oa  since  the  titne  Zener  and 
Hollomon  [4j  reported  o2  uni  wide  shear  bands  during  the  punehing  of  a  hole  in  a  stetd 
plate.  They  asserted  that  the  heat  generated  heeanse  of  the  plastic  working  softened  the 
material  and  that  the  material  became  unstable  when  thermal  softening  equalled  the 
combined  effeehs  of  strain  and  strain-rate  hardening.  The  experimental  observations  of 
.Moss  [5],  Costin  et  al.  [b],  Hartley  et  al.  [7],  Hiovanoia  [8],  and  Mareliand  and  Duffy  [l)( 
liave  added  enormously  to  our  understanding  of  the  phenomenon  of  shear  strain  localization. 
.\[arehand  and  Dnffy  have  pointetl  out  that  for  thin  steel  tubes  subjeeterl  to  a  pure  toi'([iie 
at  the  ends,  the  localization  of  deformation  into  shear  liands  consists  of  tlii'ee  stage.s.  In 
stage  I.  the  body  deforms  honmgcneously.  In. stage  1 1.  .stipulated  to  Initiate  when  the  shear 
sti'ess  at  a  point  attains  its  ma.ximiim  value,  the  deformatU)!!  heeomes  non-homogeueous. 
In  stage  LIT,  that  oeeurs  much  later,  the  .shear  stress  dixips  precipitously  and  the  defor- 
inution  loealize.s  into  a  shear  hand.  These  exjierimental  ohservations  agree  with  the  niiinej'i- 
eal  work  of  Wright  and  Walter  [10),  .Molinari  and  Cliftoti  [ll  j,  an/l  Batra  and  Ivlm  [12j  to 
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[15].  Wo  note  that  there  have  been  iiinnerous  other  numerical  [10]— [24]  anrl  analytical 
.studies  [25]— [32]  aimed  at  increasing  our  understaiifling  of  factors  that  affect  the  initiation 
and  development  of  sliear  bauds.  These  worics  have  analysed  the  simple  shearing  defor¬ 
mations  of  a  viscoplastic  borly  containing  a  defect. 

Recently,  Te.Monds  and  Neerlleman  [33],  [34],  Neeflleman  [35],  Zbib  and  Aifantis  [36], 
.Anand  et  al.  [37],  Batra  and  Liu  [38],  [39],  Zhu  and  Batra  [40],  and  Batra  and  Zhang  [41] 
have  studied  the  phenomenon  of  shear  banding  in  plane  strain  deformations  of  a  visco¬ 
plastic  solid.  These  works  have  generally  used  different  constitutive  relations  and  have 
assumed  that  the  entire  body  or  the  portion  of  the  body  whose  deformations  were  analyzed 
had  only  one  defect  in  it.  The  prismatic  body  whose  plane  strain  thermomechanical  defor¬ 
mations  are  studied  herein  is  of  a  square  cross-section  and  has  two  thin  layers  made  of  a 
viscoplastic  material  different  from  that  of  the  body  and  placed  s}-mmetrically  about  and 
parallel  to  the  centroidal  horizontal  axis.  These  horizontal  planes  may  be  thought  of  as 
repre.senting  planes  of  chemical  inhomogeneity.  The  material  of  the  layer  differ.s  from  that 
of  the  body  only  in  the  value  a,j  of  the  flow  stress  in  a  quasistatic  simple  compres.sioii  test. 
Two  cases,  namely  when  a,^  for  the  layer  material  eiptals  five  times  or  one-fifth  that  of  the 
matrix  material  are  studied.  Also,  there  are  two  elliptical  voids  with  major  a.xes  alignetl 
with  the  vertical  centroidal  axis  of  the  .square  cross-section  and  with  tips  touching  the 
layernnatrix  interfaces.  The  other  ends  of  the  ellipsoklal  v'oids  are  towarrls  the  center  of 
the  eross-section.  The  points  on  the  free  edges  where  the  thin  layer  anrl  the  matrix  materials 
meet  as  well  as  the  void  vertices  on  the  major  a.xes  of  the  ellipsoid  act  as  nuclei  for  the 
initiation  of  shear  bands.  It  thus  becomes  an  interesting  e.xcercise  to  investigate  the 
initiation  and  propagation  of  various  hands  and  the  interaction  amongst  them.  We  add 
tiiat  we  do  account  for  the  effect  of  inwrtia  forces,  strain-rate  sensitivity  of  the  materials, 
their  thermal  softening,  heat  conduction',  and  the  heat  generated  because  of  plastic  working. 


2  Formulation  of  the  problem 

The  cross-section  of  the  prismatic  hotly  containing  two  ellipsoidal  voids  and  two  thin 
layem  of  a  different  viscoplastic  material  is  shown  in  Fig.  I,  Tlie  deformations  of  the  hotly 
are  assumed  to  be  symmetrical  about  the  two  eentroitlal  a.xes.  Thus,  the  deformations  of 
the  material  in  the  fimt  quadrant  are  analyzetl.  With  re.spect  to  a  fi.xed  .set  of  rectangular 
Cartesian  coordinate  a.xes,  etpiations  governing  the  plane  strain  therinomechanical  liefor- 


mations  of  the  body  are: 

[ijJ )  =  0 . 

^’i  —  f  i  \  .j  j 


A/  =  U'ij 

-  f'/. 

■1  2 

=  (Vo/i?) 

x.i  1  “ 

—  —  1)3;^ 

2i(  =  [a„,  (|, 

(1  -b/ra 

-  \()), 

/-  =-{1  2)DiiDii, 

I^ij  —  ^ii  —  (1/3) 

Va  ~  Vi  /iV.,'. 

-  rl)  —  Hinuj.i  —  1) 


i2.1) 

(2.2) 

(2.3) 

(2.4) 

2/</)i,,  (2.5) 
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Fic.  I.  The  crnss-jicetion  i>t  tlie  prismatic- 
body  studied 


Ei|tiation3  (2.1'),  (2.2)  and  (2.3),  written  in  terms  of  the  referential  description  of  motion, 
e-vipress  respectively  the  balance  of  mass,  balance  of  linear  momentum  and  the  balance  of 
moment  of  momentum.  Equations  (2.5),  (2.9)  and  (2.10)  are  the  constitutive  assumptions. 
In  these  equations  -cj  gives  the  position  at  time  t  of  the  material  particle  .Y,,  n,-  =  i,-  is  its 
velocity  in  the  r, -direction,  o  is  its  present  mass  density,  its  mass  density  in  the  reference 
configuration,  J  —  det  is  the  fiist  Piola-Kirchhoff  stress  tensor. 

H  is  the  specific  internal  energy,  is  the  heat  flux  measured  per  unit  area  in  the  reference 
configuration,  and  Z>  is  the  strain-rate  tensor.  Furthermore,  a  superimposerl  dot  indicate.s 
material  time  derivative,  a  comma  followed  by  index  \(/)  implies  partial  differentiation 
with  respect  to  *Y,  (i:,)>  repeated  index  implies  summation  ov'er  the  range  (1.  2)  of 

the  inrlex.  In  the  constitutive  relations  (2.5),  (2.9)  and  (2.10),  the  material  parameter  B 
may  be  regarded  as  the  bulk  modulus,  u,,  is  the  yield  stress  ill  a  (|uasi.static  simple  compres- 
.sion  test,  parameters  h  and  m  describe  the  strain-rate  hardening  of  the  material.  \  is  the 
thermal  softening  parameter.  0  equals  the  temperature  change  of  a  material  particle  from 
that  in  the  reference  configuration,  k  is  the  thermal  conductivity  aiul  r  is  the  specific  heat. 
Both  k  and  c  are  taken  to  be  constants  ami  wo  have  neglecte<l  stresses  caused  by  the  thermal 
expansion. 

E{[uations  (2.1)  through  (2.10)  hold  in  the  regions  occupied  by  the  matrix  .and  the  layer, 
the  only  difference  being  either 

layer  =  oao  matrix,  (2.11.1) 

or 

fj^  layer  ^  (1/5)  (T^  matrix.  (2.1 1.2) 

rile  v'alues  of  other  material  parameter  are  the  same  for  tiu;  matrix  and  the  layer. 

With  .s  defined  by 

■s  =  ii  -  [Bin  u,  ^  1)  -  (2, a  3)  tr  D\  I,  (2.12.11 

-2;/5.  (2.12.2) 
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equations  (2.12),  (2.5)  aiul  (2.6)  give 

(l/2tr  ^  [a,,p)  (1  -  sO)  (1  -  hlV' .  (2.13) 

This  can  be  viewed  as  the  equation  of  a  generalized  von  Mises  yielfi  surface  when  the  flow 
stress,  given  by  the  riglit-hand  sifie  of  (2.13),  at  a  material  particle  depends  upon  its 
strain-rate  and  temperature. 

For  the  initial  conditions  we  take 

/)(«,  0)  =  I,  w(.T,  0)  =0,  6{x,0)  =0.  (2.14) 

That  is,  the  body  is  initially  at  rest  at  a  uniform  temperature  and  has  constant  mass 
density.  We  also  assume  that  the  body  is  initial!}’'  stress  free.  The  pertinent  boundary  coufli- 


tions  for  the  material  analyzed  in  the  fimt  quadrant  are 

r,  =  — /do,  Ti2  =  0  and  Q.—O,  on  the  top  surface  d/?.  (2.15) 

7'n  =  0,  7’.,  =  0  and  on  the  right  surface  ,  f2.16) 

r.  —  0,  7'i.,  =  0  and  Qi  on  the  bottom  surface  CO .  (2.17) 

=  Oj  T-ii  —  0  and  =  0,  on  parts  OD  and  &T4  of  the  left  surface  OA  ,  (2.18) 

0,  on  the  .surface  of  the  voirl .  *  (2.10) 


These  boundary  conditions  simulate  the  situation  when  the  top  surface  is  moving  downwarfi 
with  a  speed  h{t),  there  is  no  frietion  between  it  and  the  loading  flevice,  the  right  .surface  is 
traction  free,  the  void  has  not  coalesced  and  the  entire  boundary  i.s  thermally  insulated.  If 
during  the  deformations  of  the  bodyj'-ony  point  on  the  void  surface  touches  the  vertical 
axis,  the  boundary  condition  on  it  is  changed  to  (2.18).  The  boundary  conditions  (2.17)  and 
(2.-18)  are  due  to  the  presumed  symmetry  of  the  rleformations  about  the  jr,  and  j*,  u-xe.s.  For 
the  loading  function  hit)  we  take 

h{l)=V^titr, 

(2.20) 

where  2//  is  the  height  of  tlie  block  and  r.,  is  the  steady  speed  of  the  top  surface,  'bhe 
steady  speed  is  reached  in  time  C. 

At  the  common  interface  between  the  matrix  and  the  reinforcing  layer,  the  velocit}' 
field,  surface  tractions,  the  temperature  and  the  normal  component  of  the  heat  flux  are 
assumed  to  be  continuous. 


3  Computational  considerations 

Substitution  for  T,  Q  and  «  from  Eqs.  (2.5)  through  (2.10)  into  the  balance  laws  (2.2)  and 
(2.3)  results  in  coupled  nonlinear  partial  ilifferential  equations  which  along  with  initial 
conditions  (2.14)  and  boundary  conditions  (2.15)  through  (2.19)  are  to  be  solved  for  n,  n 
and  0.  We  use  the  updaterl  Lagrangian  method  [42]  to  .solve  the  problem.  That  is.  in  or(l(M' 
to  find  the  fields  of  o,  v  and  Q  in  the  body  at  time  t  —  Jq  the  configuration  of  the  body  at 
time  I  is  taken  as  the  reference  configuration.  The  gov'erning  nonlinear  partial  differential 
equations  are  fimt  rerUicerl  to  a  set  of  coupled  nonlinear  orrlinarv  flifferenbial  equations  by 
using  the  Oalerkin  approximation  [42]  and  the  lumped  mass  matrix.  Figure  2  i[e[)ict.s  tin* 
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Fig'.  2.  The  finite  element  discretization  of  the  domain  in  the  stress  free  reference  configuration 


discretization  of  the  stress  free  reference ^niiguration  into  4*noded  isoparametric  quadri¬ 
lateral  elements  that  has  been  used  to  analyze  the  problem.  The  mesh  is  very  fine  in  the 
region  surrounding  the  void  and  gradually  becomes  coarse  as  we  move  away  from  it.  The 
layer  as  well  as  a  small  matri.x  region  adjoining  it  has  been  divided  into  a  fine  mesh  too. 
We  add  that  the  coorrlinates  of  the  nodes  are  updated  after  each  time  increment.  Thus,  the 
.spatial  <loniain  occupied  by  the  body  and  the  shapes  of  these  elements  vary  with  time.  At 
each  norle  the  mass  density,  two  components  of  the  velocity  and  the  temperature  are 
unknown.  The  coupierl  nonlinear  ordinary  differential  e(|uations  are  integrated  by  using  the 
(.lear  method  [43]  for  stiff  differential  equations.  We  use  the  subroutine  LSODE  taken 
from  the  package  UDEPACK,  developed  by  Hindmarsh  [44],  and  employcrl  the  option  of 
using  the  full  Jacobian  matri.x.  The  subroutine  adjusts  the  time  step  adaptively  until  a 
solution  of  the  couplerl  nonlinear  ordinary  differential  equations  has  been  computed  to  the 
desircil  accuracy.  The  finite  element  code  developed  earlier  by  Batra  and  Liu  [:1S]  was 
modified  to  study  the  present  problem. 


4  Computation  aud  discussion  of  results 

We  used  the  following  values  of  various  material  and  geometric  parameters  to  compute 
results  that  are  discusserl  below; 

b  =  10.000  sec,  =  333  MPa,  k  =  49.22  Wm*'  G’L  m  =  0.025, 

r'  =  t73Jkg  ‘  C  p,  =  T.SHOkgm  A  B  =  l2S(;Pa.  (3.1) 

//  =  .)  mm.  =  25  msec  \  \  =  0.0025  C  L 
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IMi;.  ;tr.  'I'he  maximum  principal  Inyaritlimic  strain  versus  the  aveiatic  strain  at  ptiint.s  1 1  tbrninrli  10 
and  17  wlum  the  layer  material  is  softer  than  the  matrix  material.  All  of  these  points  are  in  the  ^oft 
layer,  ('oordinate.s,  in  the  .stre.ss  free  reference  eonfisiuration,  i)f  these  points  .are;  1 1  iD.D'JOO.  '>.47.')  U, 
Il2  {(I.IMIH).  0.475  1).  i:i  (0.014  14,  0.480  1),  14(0.(107  1,0.482  1),  15(0.0010,0..-)),  17(0.5.  O..’)) 


Kitr.  8(1.  The  temperature  rise  versus  the  averaye  strain  at  point.s  11  through  15  and  17  wIumi  the 
layer  material  is  softer  than  the  matrix  material 
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Thus  tliG  average  appiietl  strain-rate  equals  o, 000  see"',  0,^  =  ,Sl!,i)  ’C,  anrl 

1'  s  fTr,  =  <J,015,  The  noiKliineiisional  luiinber  v  determines  the  el’feet  of  inertia  forces 
relative  to  the  flow  stress  of  the  material.  For  the  simple  shearing  problem,  Batra  [21]  noted 

that  the  inertia  forces  play  a  noticeable  role  when  r  —  0.004.  Hence,  the  inertia  force.s  will  I 

very  likely  play  a  significant  role  in  the  present  problem.  | 

We  discuss  below  results  in  terms  of  the  following  nondimensional  variables  indicated  by 
a  superimposed  bar. 

s  =si(Jn,  0  -=0I0^,  X  I  =  (3.2) 

Henceforth,  werlrop  thesuperimposerl  bam.  I’o  jneasuie  the  deformation  at  a  point,  we  use 
the  maximum  principal  logarithmic  strain  c  given  by 

£  =  In  A,  — In (3.:b 
where  AiH\nd  A-d  are  eigenvalne.s  of  the  right  Cauchy-I  Ircen  tensor  ^  oi-  the  left 

Cauchy-Hreen  tensor  ~  The  .second  e(iiiality  in  Fi[.  fOi.Oii  holds  l)ecan.se  the  ' 

deformations  of  the  body  are  nearly  isnchoric. 

4J  Luf/er  materiul  -softer  tiuin  the  matrix  ttuderial  ^ 

Recall  that  one  tip  of  the  elliptical  void  is  at  the  interface  between  matri.x  material  anrl  the 
relatively  softer  layer  and  the  other  tip  is  in  the  matrix.  In  order  to  find  out  where  the 
shear  bands  form  anrl  their  directions  of.propagation,  we  plot  the  evolution  of  the  maximum 
principal  logarithmic  strain  e  at  several^points  surrounding  the  void  and  at  points  near  the 
common  interface  between  the  layer  and  the  matrix  material.  Figure  3a ‘depicts  the  growth 
of  at  points  5  through  10  and  point  16.  Point  10  in  the  matrix  is  near  the  void  tip  that 
touches  the  common  Interface,  point !)  is  near  the  interface  .aiul  on  a  horizontal  line  thi'oimh 
point  10,  point  8  is  near  the  initlsurface  of  the  void  and  point  7  on  a  horizontal  line  through 
point  8,  point  6  is  near  the  other  tip  of  the  void  and  point  o  on  a  horizontal  line  throimh 

point!).  Point  16.  not  shown  in  the  figure,  is  the  near  the  vertical  centroidal  axis  l)ut  is  far  i 

removetl  from  the  voirl  and  the  layer  matrix  interfaces.  Cooi-rlinates  of  these  points  in  the  < 

stress  free  reference  configuration  are  given  in  the  fittnre  caption  and  their  ap[)ioxiinate 

locations  are  shown  in  Fig.  :ia.  Results  plotted  in  this  figure  clearly  indicate  that  ;it  ;i  ^ 

nominal  strain  of  nearly  O.Dlo.  the  values  of  r  at  poiut.s  7.  8  and  10  increase  sharply  with  1 

the  rate  of  vrowth  of  at  point  10  being  higher  than  that  .at  points  7  andS.  Xote  that  tlu'  | 

value  of.-  .at  point  16  is  very  close  to  the  average  strain.  .\nd  the  values  of,--  at  pouim  band 
0  are  higher  than  that  at  point  16  hut  considerably  smaller  than  those  at  points  T.S  and  10. 

Thus  the  small  region  containing  points  7,  8  and  lO  nndm'goes  severe  deformations.  In 
Fig.  )}b,  we  have  plotted  the  trrowth  of  at  points  I,  2,  3.  4  and  16.  Point  2  is  near  the  voiil 

tip  0,  point  1  is  on  a  vertical  line  through  point  2.  and  the  line  joining  j)oints  D.  1  and  , 

make.s  an  angle  of  la'  with  the  vertical.  At  an  average  strain  of  approximately  O.Olo.  the 

Values  off  at  points  3  ami  4  increase  sharply.  However,  the  peak  values  attained  at  points 

1,  2,  3  and  4  are  much  lower  than  those  at  points  7.  8  and  10.  Thus  in  the  matrix  inattu  ial 

siiri'oiinding  the  void,  more  intense  deformations  occur  near  the  void  tip  B  at  tin;  matrix  , 

layer  inti'i-face.  In  an  attempt  to  as.se.ss  the  <leformations  of  the  layer,  we  have  plotted  . 

vei-siis  the  average  strain  in  Fig.  3e  at  points  1 1,  12,  13,  14.  15  and  17  in  the  taym’.  Points  1 1 

ami  12  are  iieartlu'  matrix  layer  interface  and  coiTespoiid  respfH-tively  ro  points  band  10  in 

the  matrix,  the  line  joining  points  B.  [4  and  l:l  makes  .-in  angle  of  1.5  with  tiie  horizontal.  1 
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point  li3  is  near  the  vertical  centroirlal  axis,  and  point  17  in  the  layer  is  far  removerl  from 
the  void  tip.  The  approximate  location  of  these  points  is  given  in  Fig.  3a  and  their  coorrli- 
nate.s  in  the  stress  free  reference  configuration  are  given  in  the  figure  caption.  Even  though 
the  values  of  a  at  points  LI  and  12  increase  sharply  in  the  beginning,  they  eventually  match 
those  at  points  13,  14  and  15.  Recalling  tliat  for  the  layer  material  equals  one — fifth  that 
for  the  matrix  material,  we  may  imagine  the  void  to  be  in  a  rigifl  material  as  far  as  tlie 
deformations  of  the  layer  are  concerned.  Thus  the  deformations  of  the  layer  near  the  void 
tip  need  not  be  excessively  large  as  compared  to  its  average  rleformations.  This  is  borne  out 
by  the  results  plotted  in  Fig.  3  c  which  show  that  the  peak  values  of  s  at  points  13,  14  and 
15  are  nearly  twice  the  average.  Because  of  the  continuity  of  the  rlisplacements  ami  tem¬ 
peratures  across  the  layer/ matrix  interface,  initially  points  11  ami  12  undergo  essentially  the 
same  deformations  as  points  9  and  10.  The  rise  in  the  temperature  at  points  11  and  12  makes 
the  material  there  softer.  The  surrounding  relatively  hard  layer  material  results  in  redistri¬ 
bution  of  the  deformations.  Note  that  points  0.  10,  1 1  and  12  are  a  little  bit  away  from  the 
layer; matrix  interface.  Thus  one  may  conclude  that  no  localization  of  the  deformation 
into  a  .shear  band  occurs  within  the  layer  material  near  the  voirl  tip.  That  the  temperature 
rise  at  points  11  ami  12  is  much  larger  than  that  at  points  13,  14,  15  ami  17  becomes  clear 
from  the  results  plotted  in  Fig.  3d.  The  plots  of  the  temperature  rise  at  other  points  con- 
siderefl  are  not  included  herein.  However,  we  note  that  the  temperature  rise  at  points  7, 
8  and  10  where  severe  deformations  of  the  matrix  material  occur  was  considerably  more 
than  that  at  point  16  which  is  far  away  from  the  \mid. 

VVe  now  focus  on  the  deformations  of  the  layer  and  the  matri.x  materials  near  points  P 
and  Q  on  the  right  traction  free  surface.  Points  P  and  Q  are  also  on  the  layer; matrix  inter¬ 
faces.  Figure  4  a  shows  the  plot  of  e  versus  the  average  strain  at  points  18  through  25  near 
the  upper  matrix; layer  interface.  Points  18  through  21  are  in  the  layer  ami  points  22 
through  25  are  in  the  matrix,  ft  is  clear  that  (leformations  of  points  18  and  19  are  signi- 
ficajitly  more  than  the  <leformations  of  other  points  consideretl  in  tliis  plot.  Also  iiiten.se 
deformations  of  the  layer  material  surrounding  point  18  propagate  horizontally  to  point  19. 
The  rleformations  of  points  21  through  25  are  very  small  as  comparerl  to  the  deformations 
of  points  18  and  19.  The  value  of  s  at  point  20  is  nearly  four  times  that  at  point  21.  It  is 
possible  that  the  intense  deformations  initiating  at  point  1<S  propagate  to  point  20  too.  In 
an  attempt  to  .shed  .some  light  on  what  happens  to  the  shear  band  initiating  from  point  18, 
we  have  plotted  in  Fig.  4  b  values  of  a  versus  the  average  strain  at  points  24  through  31) 
in  the  matrix.  Points  20,  24,  27  ami  29  are  on  the  .same  vertical  line  with  points  20  and  24  on 
the  opposite  sifles  of  the  matrix  layer  interface.  Points  2-1.  27  ami  29  are  in  the  matrix. 
Points  24.  26  and  25  are  on  a  horizontal  line  ami  points  2 1,28  and  :10  are  on  the  line  diat 
makes  an  angle  of  45*  with  the  horizontal.  Relatively  large  values  of at  points  24.  26,  27, 
28  and  IK)  seem  to  suggest  that  the  region  surrounding  points  24,  26  and  27  deforms  severely 
and  that  these  severe  deformations  propagate  along  the  line  joining  points  24.  28  and  .30. 
Since  points  20  and  24  are  very  near  to  each  other,  it  is  reasonable  to  conclude  that  the 
localization  of  deformation  initiating  at  point  18  within  the  .soft  layer  propagates  towards 
point  20  and  then  along  the  line  joining  points  20,  28  and  30.  Re.sults  plotted  at  .similarly 
situatefi  points  near  the  other  interface  between  the  layer  and  the  matrix  reveal  that  a 
shear  band  initiating  from  point  (J  propagates  horizontally  within  the  lavei'  too  and  then 
into  the  matrix  along  a  line  that  makes  an  angle  of  45'  with  the  vertical. 

The  picture  of  the  rlevelopment  of  shear  hands  outlined  above  is  reinforcefl  hv  the  plots 
of  contoiii’s  of  shown  in  Fig.  5  at  three  values  of  tlie  average  strain.  One  shear  hand 
initiates  within  the  matrix  surrounding  the  void  tip  near  the  matrixdavcr  iiitt/i  face  and 
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Flff.  -ta.  The  maximum  principal  logarithmic  strain  versus  the  average  strain  at  points  iS  through  25 
when  the  layer  material  is  softer  than  the  matrix  material.  Coordinates  of  these  points  in  the  stress  free 
reference  configuration  are:  18  (0.999,  O.o22),  19  (0.9.5,  0.522),  20  (0.87.  0.522).  21  (0.77.  0.522), 
22  (0.999.  0.592),  23  (0.95.  0.532),  24  (0.87.  0.532),  25  (0,77.  0.532) 
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Kitr.  4I».  'Phe  maximum  principal  h)garitlunic  strain  ver.sus  rhe  averaite  strain  at  points  24  ilimugh  30 
and  II)  when  the  layer  material  is  softer  than  the  matrix  material.  I 'ooixlitiales  of  points  not  loviui 
earlier  ujv:  2li  (0..s2.  n.r);{2).  27  (II.S7.  0..')S2).  28  (O.S340.  O..'>074).  29  (0.87.  n.i)32).  30  (O.TOOO.  ii.li027) 
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[n-opauate.s  into  the  matrix  material  below  the  eommon  iiitei'faee.  the  direetion  of  prop¬ 
agation  being  nearly  to  the  vertical  axis.  The  shear  hands  initiatimj;  at  points  of  inter¬ 
section  of  the  matrix  layer  interfaces  with  the  right  traction  free  surface  propas/ate  into  the 
soft  layer  and  then  bifurcate  into  the  matrix  material  along  lines  maldng  an  angle  of 
a[)proxitnately  To"  with  tbe  vertical.  The  band  in  the  layer  near  the  upper  matrix  laym- 
interface  bifurcates  into  the  matrix  prior  to  that  near  the  lower  intei'faee.  .^Iso  the  band  in 
tbe  layer  near  the  upper  matrix, layer  interface  continiie.s  to  propagate  hori/.omally  into 
the  layer  too  while  that  near  the  lower  surface  floes  not.  In  ortler  to  tdneidute  upon  the 
differences  between  these  two  hands  within  the  soft  layer,  we  havi*  [ilotted  in  Fi<is.  lia.  bb 
and  be  eontonrs  of  y  and  in  Figs,  bd,  be  and  bf  eontonrs  of  the  temperature  rise  0  in  a 
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small  region  siUTounding  the  layer  and  near  the  right  traction-free  surface.  We  note  that 
the  layer  material  near  the  upper  interface  undergoes  more  severe  deformations  than  the 
layer  material  near  the  lower  interface.  This  could  be  due  to  the  differences  in  the  reflection 
and  refraction  of  waves  at  the  two  interfaces,  and  the  interaction  of  these  waves  with  the 
loading  Avave.  The  bands  near  the  upper  and  lower  interfaces  propagate  both  horizontally 
in  the  layer  and  laterally  towards  each  other.  Had  the  computations  been  carried  further, 
it  is  clear  that  the  two  bands  will  merge  with  each  other.  The  computations  could  not  be 
carried  further  because  we  had  exhausted  the  computing  resources  available  to  us.  Because 
of  the  stiff  equations  and  the  nonuniform  mesh,  the  time  step  required  to  integrate  the 
equations  is  extremely  small.  The  contours  of  6  indicate  that  the  matrix  material  is  also 
being  heated  up.  Since  the  layer  is  softer  than  the  matrix  material,  the  stress  in  it  is  low 
and  higher  values  of  e  in  the  layer  give  rise  to  nearly  the  same  value  of  the  energy  rlissipated 
as  the  lower  values  of  t'  in  the  matrix  because  the  stress  in  it  is  higher.  The  temperature  rise 
makes  the  matrix  material  softer  and  the  bands  propagating  in  the  layer  bifurcate  into 
two,  one  travels  horizontally  into  the  layer  and  the  other  into  the  matrix  material  along  the 
direction  of  the  maximum  shear  stress. 

Figure  7  shows  the  distribution  of  the  vertical  component  of  the  velocity  at  an  average 
strain  of  0.017  5.  In  our  work  the  velocity  field  is  assumed  to  be  continuous  throughout  the 


Fie.  T.  Distribution  of  the  vertical  component  of  the  velocity  in  the  cros.s-seetion  when  the  layer 
material  is  softer  than  the  matrix  material  at  =  O.U17  5 
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Pie,  (>,  (.'ontours  of  the  maximum  principal  logarithmic  strain  and  temperature  rise  within  a  small 
reaion  enclosing  the  soft  layer  near  the  right  traction-free  surface  at  three  different  vahie.s  of  the 
average  strain,  a,  li  =  U.Ul‘J.5,  b,  e  =  U.Ul(i:3,  and  e,  f  yac<]  =  b.Ut75 
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Fis.  >11.  The  maxiinum  principal  losarithmic  strain  versus  the  average  strain  at  points  o  tiirouglt  Hi 
and  Id  u'lieti  tiie  layer  material  is  stronger  than  the  matrix  material.  Coordinates  of  these  points  in  the 
.'tress  fri-e  lefercnce  ronfigiiration  are  the  same  as  for  potnts  in  Fig.  :ia  anti  are  given  in  the  caption 
•jf  Fig.  :}a. 

Fiir,  >h,  'riie  maximum  principal  logarithmic  strain  versus  the  average  strain  at  point.s  0.  H).  11  and 
li*  alK-n  tile  iaver  material  i.s  .stronger  than  the  matrix  material,  t'oordiitaces  of  the.se  point.s  in  rite 
.'tre<'  free  referenee  l  onfiguration  are  given  in  the  caption.s  of  Fig.s.  .'^a  and  .Ic. 
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Fis.  The  mu.Kimtim  principal  logarithmic  strain  versus  the  average  strain  at  pmuts  1  I  tliroiiGli  !■> 
ukI  point  IT  u'lien  the  layer  material  is  stronger  than  the  matrix  material,  .^ee  Fitrs.  .‘Ja  inti  4e  for 
the  coordinates  of  these  points  in  the  stress  free  reference  configuration. 


Fig.  .Sil.  The  maximum  principal  lognrithntic  strain  versus  the  average  strain  at  points  1.  '2,  ;i  and  Hi 
when  the  iayrr  material  is  stronger  than  the  matrix  material.  .See  Fig.  iJa  aiul  :!I)  fur  the  l  oordiiiiires 
>A  these  points  in  the  stress  free  reference  configuration. 
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I'eiiiuii.  HowL'Vcr.  the  |)N)tre'i  voloeity  I'icld  dues  sliow  that  the  viiliit‘ of  r,  iiieivases  sharply 
as  uiie  ei'osses  tlie  ^eveivly  defoi-tniiiu  leLnuii  thus  sii jjjxii'tiuu  the  assei-tinns  Jiiaile  hy 
I'lesea  ['2  \  and  .Massey 

4.'J  Lat/tr  mafvrtfii  -y/f<int/ir  ih^nt  the  tmUrix  imitfirinl 

Figures  8a,  8b  anti  se  depiet  the  growth  of  the  ma.Kimum  principal  logaritlimic  strain  f 
at  several  matrix  points  near  the  vohl.  The  coordinates  of  these  points  in  the  stress  free 
reference  configuration  are  given  in  the  figure  captions  and  their  approximate  locations  are 
shown  in  Fig.  8a.  Results  plotted  in  Fig.  Sa  clearly  indicate  that  at  a  nominal  strain  of 
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Average  straot 

Fie<  9.  Tlie  muximum  principal  logarithmic  strain  versus  the  average  strain  at  points  IS  tlirough  :]4 
when  the  layer  material  is  stronger  than  the  matrix  material.  Coordinates  of  these  points  in  the  stress 
free  reference  configuration  are:  18  (0.999.  0.336),  19  (0.993.  0..3321).  20  (U.990.  0..525  1).  2I  ,o.U99. 
i).o45).  22  (0.9859,  0.539  1),  23  (0.980.  0.5251),  24  (0,09o.  0.524  9).  25  (0.98.  0..3249).  20  (0,09,  0.47.5  I ). 
27  (0.9S,  0,4751),  28  (0.99.  0.4749).  29  (0.98.  0.4749),  30(0.993.  o.4(j7  9).  31  (o.OS.)!).  n.4iio9).  32  (ii.OilO. 
ii.4(i5).  33  (0.999,  0.455),  34  (0.999.  0.5) 


0.00.  the  values  of  s  at  points  5,  S,  9  and  10  increase  sharply,  with  the  rate  of  growth  dI* 
at  points  8  and  10  being  much  greater  than  that  at  points  .3  and  9.  Thus  the  small  region 
containing  points  8,  9  and  10  undergoes  intense  deformations  which  propagate  toward.s 
point  0.  This  will  become  transparent  when  we  siibset|iiently  plot  the  contoui’s  of^.  Recall 
that  point  lO  is  near  the  void  tip  that  touches  the  matrix  layer  interface,  point  9  is  near 
the  interface  and  on  a  horizontal  line  through  point  10,  point  8  is  near  the  midsurface  of 
the  void,  points  7  and  8  are  on  a  horizontal  line,  point  b  is  near  the  other  void  tip,  and 
point  .)  on  a  horizontal  line  through  point  0.  Because  the  layer  material  i.s  harder  than 
the  matrix  material,  the  maximum  principal  logarithmic  .strain  s  at-  point.s  11  and  12 
adjoining  points  9  and  lO  respectively  is  considerably  less  than  that  at  points  9  and  10. 
The  values  of  f  versus  the  average  strain  at  these  four  points  are  .shown  in  Fig.  81).  lu 
Figr.  Sc,  we  have  plotted  the  evolution  of  e  at  points  11  through  17  in  the  layer.  Points  1.3 
aiifl  14  are  on  a  line  through  the  void  tip  that  makes  an  angle  of  45'  with  the  horizontal, 
point  15  is  near  the  vertical  centroidal  axis,  and  point  17  is  on  the  mitisurface  of  the  layer 
hut  far  removed  from  the  void  tip.  At  an  average  strain  of  0.00,  the  values  of  e  at  points 
1 1  through  15  are  nearly  40°o  higher  than  that  at  point  17  and  thus  difference  increases 
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Pier.  10.  Contours  -jf  tlie  maximum  principiil 
logivritlimic  strain  at  three  different  values 
of  the  average  strain  when  the  layer  material 
is  stronger  tliun  the  matrix  material, 
a  =M.O:}88.  h  =  n.O.o.  o  =  n.noT’J 


with  increase  in  the  avei'atie  strain.  Since  points  U  through  L5,  distributetl  in  the  lax'er 
region  surrounding  the  void  tip.  have  undergone  the  .same  amount  of  tleformation.  it-  i.s 
reasonable  to  eoneiude  that  no  localization  of  deformation  has  occurred  in  the  layer.  The 
plot  of  f  vei-sus  the  average  strain  at  points  I,  2,  8  and  lb,  tlepicted  in  Fig.  Sd.  reveals 
that  at  an  average  .strain  of  appro .ximately  0.013.  the  small  region  surrounding  point  2 
deforms  severelv  and  the.se  deforinat ions  propagate  towards  point  !.  W'e  note  that  point  2 
is  near  the  void  tip  away  from  the  matj'i.x, lax'cr  interface,  and  points  L  and  2  are  near 
the  vertical  centroulal  a.Ki’s. 
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In  the  previous  en^e  when  the  layer  tnateriai  was  weaker  than  the  matrix  inatei'ial,  a 
shear  band  formed  at  an  average  strain  of  O.Olfj.  In  that  ease,  the  layer  inaterial  iindei  w(Mit 
severe  deformations.  However,  because  of  the  small  thickness  of  tlie  layei*,  the  overall 
deforinations  of  the  body  stayed  small. 

\Ve  now  explore  deformations  of  the  layer  and  matrix  materials  siirroiituiing  points  H 
and  Q  oil  the  right  traction-free  edge  of  the  block.  The  coordinates  of  the  selected  point.s  in 
the  sti'ess  free  reference  configuration  are  given  in  the  figure  captions,  and  their  approxi¬ 
mate  locations  are  shown  in  Fig.  9c.  Results  plotted  in  Figs.  9a,  9  band  9c  reveal  that  tlie 
growth  of  £  at  any  one  of  these  points  is  not  phenomenal  as  compared  to  the  average  strain 
either  in  the  layer  (e.g.  at  point  17),  or  in  the  block  (e.g.  at  point  16),  or  the  overall  average 
.strain.  At  an  average  strain  of  0.06,  the  values  of  e  at  points  26  and  27  in  the  laver  equal 
2.0  times  that  at  point  17,  but  that  at  layer  points  24  and  25  which  are  near  the  upper  layer 
interface,  are  comparable  to  the  value  of  e  at  point  17.  The  values  of  f  at  matrix  points 
.situated  below  the  matrix  layer  interface  are  higher  than  those  at  similarly  situated 
matrix  points  above  the  matrix/layer  interface.  Thus  the  shear  band  initiating  from  point 
and  propagating  into  the  matrix  material  will  involve  more  severe  rlefonnatioii.s  than  that 
initiating  from  point  P  and  propagating  into  tlie  matrix.  Unlike  tlie  case  of  the  soft  layer, 
the  deformations  within  the  layer  do  not  localize  into  a  shear  band. 

Figure  10  depicts  contoui's  of  e  at  =  0.0288,  0.05,  ami  0.0572,  The.se  reveal  that  a 
shear  band  initiating  from  the  void  tip  abutting  the  matrixdayer  interface  propagates 
initially  along  the  interface  and  then  into  the  matrix  material  along  a  line  making  an  angle 
of  nearly  45°  vvith  the  vertical.  The  shear  band  initiating  from  the  lower  void  tip  also 
propagates  into  the  matrix  material  along  a  line  making  an  angle  of  approximately  45° 
with  the  vertical.  Two  shear  bands  also  uoitiate  from  points  P  and  Q  on  the  right  traction 
free  surface  and  these  propagate  into  the  matrix  material  along  lines  making  an  angle  of 
45°  with  the  vertical.  Even  though  it  seems  that  near  the  vertical  centroidal  axis  a  shear 
band  has  propagated  into  the  laj’er,  there  is  no  localization  of  the  deformation  occurrins 
in  the  layer  material.  This  is  evidenced  by  the  plots  of  e  versus  the  average  .strain  at  .several 
points  in  the  layer  that  are  included  in  Fig.  Sc.  Even  though  the  .strain  within  the  layer  is 
small,  the  values  of  stress  are  not  and  the  total  energy  dissipated  at  a  layer  particle  may  be 
comparable  to  that  at  a  matrix  particle.  The  contoui’s  of  the  temperature  rise,  not  inelinled 
in  the  paper,  support  the  picture  laid  out  above  for  the  development  of  four  liaiifi.s,  two 
from  the  void  tips  and  two  from  points  on  the  right  traction  free  surface  vvhere  the  layer 
aiul  the  matrix  materials  meet. 


5  Conclusions 

We  have  studied  plane  strain  thermomechanical  ileformations  of  a  thermally  .softeniiiir 
vi.scoplastic  body  of  square  vross-section  and  containing  two  elliptical  voirls  anti  two  thin 
layeis  placed  symmetrically  about  the  horizontal  centroidal  axi.s.  The  major  axe.s  of  the 
void.s  are  aligned  with  the  vertical  centroidal  a.xis  of  the  cross-sect  ion  and  one  tip  of  each 
voifi  touches  the  matrix,  layer  interface.  Two  cases,  namely  when  the  flow  .strc.ss  in  a 
qiia.sistatic  simple  compression  test  for  the  layer  material  equals  one-fifth  or  five  tunes  that 
of  tile  matrix  material,  are  studied.  W'hen  the  layer  material  is  weaker  than  tlie  matrix 
material,  two  bands  initiate  from  points  on  the  vertical  traction  free  surfaces  where  the 
layer  and  the  matrix  materials  meet.  These  bands  propagate  horizontally  into  the  layer  and 
also  .s[)re,ul  out  laterally  towards  cadi  other.  The  band  near  the  u[)[)er  layer  matrix  iiUer- 
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face  is  stronger  than  the  one  near  the  lower  layer  matrix  interface  in  the  seiine  that  the  peak 
value  of  the  inaxiinuni  principal  logaritlimic  .strain  in  it  is  higher  than  that  in  the  band 
near  the  lower  layer  matrix  interface.  The.se  band.s  eventually  cros.s  the  interface  aiul  prop¬ 
agate  into  the  matrix  material  along  the  direction  of  the  maxiimini  .shearing  stre.s.s.  The 
ban<l  near  the  upper  layer  matrix  interface  continues  to  propagate  horizontally  too.  The 
matrix  material  .surrounding  the  void  tip  touching  the  layer- matrix  interface  iindergoe.s 
severe  deformations  also.  This  band  initially  propagates  horizontally  along  the  interface  for 
a  small  distance  and  then  propagates  into  the  matrix  material  in  the  direction  of  the 
maximum  shearing  stress. 

When  the  layer  material  Is  stronger  than  the  matrix  material,  two  bands  initiate  from 
points  on  the  vertical  traction  free  .surfaces  where  the  layer-miatrix  interfaces  intersect 
them.  These  bands  propagate  into  the  matrix  along  the  direction  of  the  maximum  shearing 
stress.  Also  bands  initiate  from  each  of  the  void  tips.  The  bands  initiating  from  the  void 
tips  touching  the  matrix  layer  interfaces  initially  propagate  horizontally  and  then  into  the 
matrix  material  in  the  rlirectioii  of  the  maxiimim  shearing  stress.  The  bands  initiating  fi'om 
the  other  void  tips  also  propagate  into  the  matrix  material  in  the  direction  of  the  maximum 
.shearing  stress,  fn  this  case  no  localization  of  deformation  occui*s  within  the  layer.  The 
average  strain  at  which  a  shear  band  forms  in  this  case  is  nearly  four  times  that  in  the 
previous  case  of  softer  layer  material. 
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EFFECT  OF  THERMAL  CONDUCTIVITY  ON  THE 
INITIATION,  GROWTH  AND  BANDWIDTH  OF 
ADIABATIC  SHEAR  BANDS 

R.  C.  BATRA  and  C.  H.  KIM 

Department  of  Mechanical  and  Aerospace  Engineering  and  Engineering  Mechanics,  Universitv  of 
Missouri-RoUa,  RoUa,  MO  65401-0249,  U.S.A. 

Abstract—We  ascertain  the  effect  of  thermal  conductivity  on  the  initiation  and  growth  of  shear  bands 
in  a  structural  steel  by  analyzing  the  development  of  shear  bands  in  a  block  undergoing  overall 
adiabatic  simple  shearing  deformations.  The  material  of  the  block  is  assumed  to  exhibit  strain  and 
strain-rate  hardening,  and  thermal  softening.  Three  constitutive  relations,  namely,  the  Litonski  law. 
the  Bodner-Partom  law,  and  the  Johnson>Cook  law,  have  been  used  to  model  the  thcrmoviscoplasnc 
response  of  the  material.  For  each  material  model,  five  values  of  thermal  conductivitv  diffcnng  by 
three  orders  of  magnitude  have  been  used. 

it  is  found  that  an  increase  in  the  value  of  the  thermal  conductivity  delays  the  initiation  and  slows 
down  the  subsequent  development  of  the  shear  band.  For  the  Litonski  law  and  Johnson-Cook  law. 
the  band  width  tends  to  zero  as  the  thermal  conductivity  approaches  zero  However,  for  the 
Bodner-Partom  law,  the  band  width  is  non-zero  even  when  the  thermal  conduciivitv  is  set  equal  to 
zero. 


1.  INTRODUCTION 

Adiabatic  shear  banding  refers  to  the  localization  phenomenon  that  occurs  during  high 
strain-rate  plastic  deformation,  such  as  machining,  shock  impact  loading,  ballistic  penetration, 
and  metal  forming  processes.  As  shear  binds  precede  material  fracture,  the  discernment  of 
variables  that  enhance  or  retard  their  initiation  and  growth  will  make  possible  design  of 
materials  and  manufacturing  tec^ques  that  are  less  conducive  to  the  formation  of  shear 
bands.  Variables  that  are  believ^  to  have  a  noticeable  effect  on  the  development  of  shear 
bands  include  material  strain-rate  sensitivity,  thermal  diffusivity,  thermal  softening,  strain 
hardening,  iriertia  forces,  and  the  initial  temperature  of  the  specimen.  Here  we  explore  in  some 
detail  the  effect  of  the  thermal  conductivity  or  the  thermal  length  on  the  initiation  and 
subsequent  growth  of  shear  bands  in  a  viscoplastic  block  undergoing  overall  adiabatic  simple 
shearing  deformations  at  an  average  strain-rate  of  3300  s"‘  The  values  of  material  parameters, 
except  for  the  thermal  conductivity,  are  those  for  a  typical  structural  steel.  Five  values  of  the 
thermal  conductivity,  namely.  0,  5,  50,  500,  and  5000W/m^C,  have  been  used  to  assess  us 
effect  on  the  development  of  shear  bands. 

In  studying  the  growth  of  shear  bands  in  the  center  of  a  finite  slab  after  miiiation  at  a  small 
imperfection,  Merzer  [I]  concluded  that  the  final  width  of  the  band  depends  on  the  thermal 
diffusivity  and  the  overall  strain  rate.  Wu  and  Freund  [2],  in  studying  the  formation  of  shear 
bands  at  a  moving  boundary,  concluded  that  thermal  diffusivity  has  little  influence  on  the  final 
shape  of  the  band.  The  detailed  geometry  and  constitutive  equations  considered  m  these  two 
papers  are  different.  In  both  papers,  there  are  two  natural  length  scales,  one  arising  from  the 
rate  effect  m  the  constitutive  equation,  and  the  other  from  heat  conductivity.  In  the  latter 
paper,  these  two  scales  have  been  arbitrarily  set  equal  to  each  other,  and  in  the  former  paper 
the  relative  effect  of  heat  conductivity  has  been  examined  parametrically  for  the  Bodner- 
Partom  constitutive  relation.  Wu  and  Freund  (2)  also  showed  that  for  linear  strain-rate 
sensitivity  the  shear  layer  thickness  increased  wuh  boundary  velocity,  but  the  reverse  happened 
for  loganthmic  rate  sensitive  materials.  Possible  reasons  for  opposing  effects  of  thermal 
conductivity  reponed  in  these  two  papers  could  be  (a)  different  problems  studied,  and/or  (b? 
different  constitutive  relations  employed.  Here  we  use  three  constitutive  relations,  namely,  the 
Liionski  law.  the  Bodner-Partom  law,  and  the  Johnson-Cook  law,  to  model  the  viscoplastic 
response  of  the  material.  It  is  found  that  for  ail  three  constitutive  relations,  the  computed  band 
width  increases  with  increase  in  the  value  of  the  thermal  conductivity,  suggesting  thereby  that 
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the  apparently  contradictory  results  reported  in  the  above-cited  two  papers  are  due  to  the 
different  phenomenon  presumed  for  the  occurrence  of  adiabatic  shear  bands. 

In  recent  years  there  have  been  numerous  experimental  [3-7),  analytical  [8-15],  and 
numerical  [16-23]  investigations  aimed  at  increasing  our  understanding  of  the  localization  of 
the  deformation  into  shear  bands.  Shawki  and  Clifton  [24]  have  reviewed  much  of  the  literature 
dealing  with  the  one-dimensional  shear  banding  problem.  Recently,  there  have  been  a  few 
studies  [25-35]  of  the  phenomenon  of  shear  banding  in  plane  strain  deformations  of  a 
thermally  softening  viscoplastic  block.  Anand  et  al,  [12]  have  extended  the  one-dimensional 
perturbation  analysis  of  Clifton  and  coworkers  [36]  to  three-dimensional  problems.  They  also 
included  the  effect  of  hydrostatic  pressure  on  plastic  flow,  so  as  to  better  model  the  behavior  of 
polymeric  materials.  Their  analysis  predicts  that  for  pressure-sensitive  materials,  shear  bands 
can  initiate  in  two  directions  even  in  simple  shear. 

2.  FORMULATION  OF  THE  PROBLEM 

In  terms  of  non-dimensional  variables,  equations  governing  the  dynamic  ihermomechanical 
deformations  of  a  viscoplastic  block  undergoing  overall  adiabatic  simple  sheanng  deformations 
are 

(xwv-{ws)_y,  0<y<l,  (2.1) 

^{wej^y  +  wsYp,  0<y<l.  (2.2) 

s^li{Vy-Yf,),  (2.3) 

Yp^gis,  Yp,  ^).  (2.4) 

Here  u,  d,  s,  Yp  and  w  represent,  respectively,  the  velocity  of  a  particle  in  the  direction  of 
shearing  taken  to  be  along  the  Jt-axis,  temperature  rise,  shear  stress,  plastic  strain,  and 
thickness  of  the  block.  Furthermore,  p  is  the  thermal  diffusivity,  fi  is  the,  shear  modulus,  or 
signifies  the  effect  of  inertia  forcM.  relative  to  the  flow  stress  of  the  material,  a  superimposed 
dot  indicates  material  time  cfi^vitive,  and  a  comma  followed  by  y  implies  partial 
differentiation  with  respect  to  y.  Equation  (2,1)  expresses  the  balance  of  linear  momentum, 
equation  (2.2)  the  balance  of  intemid  energy,  equation  (2.3)  Hooke’s  law  written  in  the  rate 
form,  and  equation  (2.4)  is  a  constitutive  relation  for  y^.  The  viscoplastic  flow  rules  differ  in  the 
functional  forms  of  g.  Fourier’s  law  of  heat  conduction  has  been  used  in  equation  (2.2).  Also, 
we  have  assumed  that  the  shear  strain-rate  has  additive  decomposition  into  elastic  and  plastic 
parts,  and  all  of  the  plastic  working,  given  by  the  second  term  on  the  right-hand  side  of 
equation  (2.2),  is  convened  into  heat.  We  note  that  Sulijoadikusumo  and  Dillon  [37]  and 
Farren  and  Taylor  [38]  found  that  only  90-95%  of  the  plastic  work  done  is  responsible  for 
raising  the  temperature  of  the  body. 

The  dimensional  variables,  indicated  below  by  a  supenmposed  bar,  are  related  to  the 
non-dimensional  variables  as  follows: 

y  =  yH,  w  =  wH,  t  =  tH /uq,  $  =  dSo,  Sq  =  o^ypc. 

s-sOq,  a-pvoiao,  /i  =  iuao,  p  =  k/{pcvnH), 

Yp^YpVolH.  (2.5) 

In  equation  (2.5),  H  is  the  height  of  the  block,  vq  is  the  final  value  of  the  speed  imposed  on  the 
top  surface  of  the  block,  p  is  the  mass  density,  r  is  the  time  elapsed,  Oo  is  the  yield  stress  in  a 
quasistatic  simple  shear  test,  k  is  the  thermal  conductivity,  and  c  is  the  specific  heat.  Hereafter, 
we  drop  the  superimposed  bars  and  indicate  a  dimensional  quantity  by  specifying  its  units. 

For  the  initial  and  boundary  conditions  we  take 

0(y,  0)  =  0,  ^(y,  0)  =  0,  s{y,0)  =  0,  yp(y,  0)  =  0, 

0,(0,  0  =  0,  0,(1.  0  =  0.  i;(0.  0  =  0. 

u(l,  0  =  00.01,  0<r<0.01, 

=  1.  r>0.0l.  (2.6) 
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V31 


That  is,  the  block  is  initially  stress  free,  is  undeformed,  is  at  rest,  and  has  a  uniform 
temperature,  normalized  to  be  zero.  The  overall  deformations  of  the  block  are  taken  to  be 
adiabatic  and  the  lower  surface  is  at  rest,  whereas  the  upper  surface  is  assigned  a  velocity  that 
increases  from  0  to  1  in  a  non-dimensional  time  of  0.01  and  then  stays  equal  to  1 .0  The  block 
is  taken  to  be  thinnest  at  the  center,  y  =  :,  and  thickest  at  the  boundary  surfaces,  v  =0.  L  with 
the  thickness  variation  given  by 


1  + 


|sin(U2y).T  . 


(2.7) 


We  note  that  Marchand  and  Dufify  [7]  reported  nearly  10%  variation  in  the  thickness  of  the 
steel  tubes  they  tested  in  torsion.  Our  choice  of  locating  the  thinnest  section  at  the  center  is  for 
convenience  only  and  should  not  affect  the  computed  results. 


3.  VISCOPLASTIC  FLOW  RULES 


II  LitonskVslaw 

Wright  and  Batra  [18]  modified  the  Litonski  law  to  account  for  elastic  unloading  of  a 
material  point.  They  postulated  that 


A»max 


0,1 


(3.1) 

(3.2) 

(3.3) 


We  may  view  t/;  as  an  internal  variable  that  describes  the  work  hardening  of  the  material.  Its 
evolution  equation  (3,3)  implies’^^hat  the  rate  of  growth  of  ip  is  proportional  to  the  plastic 
working.  In  equation  (3.2),  (1  -  v0)  describes  the  softening  of  the  material  as  a  result  of  its 
heating,  b  and  m  characterize  dts  strain-rate  sensitivity,  and  i^o  and  n  its  work  hardening. 
Equations  (3.1)  and  (3.2)  imply  that 


/p»0  if  J<(1  -  ve)(l  +  (3.4) 

Thus  r  =*(1  -  vd)(l  4- i/;/t/;o)"  describes  a  loading  surface,  and  if  the  local  state  given  by 
{s,  \iJ,  6)  lies  inside  or  on  this  surface,  the  plastic  strain-rate  is  zero  and  the  material  then  is 
deforming  elastically.  Besides  Oo,  which  has  been  used  to  non-dimensionalize  stress-iike 
quantities,  five  material  parameters,  v,  b,  m.  i/;,),  and  n  are  needed  to  specify  the  viscoplastic 
response  of  the  material. 


3.2  Bodner-Partom  law 

Bodner  and  Partom  [39]  assumed  that  there  is  no  loading  surface  and  that  plastic  strain-rate 
Yp,  albeit  very  small  at  low  values  of  j,  is  always  non-zero.  Their  constitutive  relation  can  be 
written  as 


•/,  =  Ooexp[--(jpj  j,  «=-.6, 

15.5) 

2  =  z,  -  (z,  -  Zo)exp(-m(V,). 

(3  6) 

lVp=sy„. 

(3.7) 

Here  Tis  the  absolute  temperature  of  a  material  particle.  Wp  is  the  plastic  work  done,  :  may  be 
regarded  as  an  internal  variable,  and  Do  is  the  limiting  value  of  the  plastic  strain-rate,  usually 
taken  a.s  lO'^s”*  Besides  Do,  we  need  to  specify  a,  c,,  co.  «Jnd  b  to  characterize  the  material 
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J.3  Johnson-Cook  law 

Johnson  and  Cook  [40]  tested  12  materials  in  simple  shear  and  compression  at  different 
strain-rates  and  found  that 

f  =  (0-0o)/(0.--0n).  (3.9) 

describe  well  the  test  data.  For  B„  equal  to  the  melting  temperature  of  the  material  and  Qq 
equal  to  the  ambient  temperatur-  ♦^ey  tabulated  values  of  A,  B,  n,  v,  and  C  for  12  materials. 
It  should  be  noted  that  there  is  n  ding  surface  assumed  in  this  case,  too. 


4,  RESULTS 


4. 1  Computational  considerations 

The  governing  equations  (2.1)-(2.4)  with  the  function  g  given  by  one  of  the  flow  rules 
described  in  the  previous  section  are  highly  nonlinear,  and  are  difficult  to  solve  analytically 
under  the  side  conditions  (2.5)  and  (2.6).  An  approximate  solution  of  these  equations  has  been 
computed  numencally  by  using  the  finite  element  method.  The  partial  differential  equations 
(2.1)~(2.4)  are  first  reduced  to  a  set  of  coupled  nonlinear  ordinary  differential  equations  by 
using  the  Galerkin  approximation.  The  stiff  ordinary  differential  equations  are  integrated  with 
respect  to  time  by  the  Gear  method  [41].  For  this  purpose,  the  subroutine  LSODE  included  in 
the  package  ODEPACK  developed  by  Hindmarsh  [42]  is  used.  The  subroutine  adjusts  the  time 
increment  adaptively  until  a  solution  of  the  stiff  ordinary  differential  equations  has  been 
computed  to  the  desired  accuracy. 

In  the  computation  of  results  given  below,  the  following  values  of  various  material 
parameters  were  used:  p  »  7860  kg/m^.  o©  *  405  MPa,  and  c  *  473  J/kgX; 

(a)  Litonskfs  law:  v»6  x  Vo* 0,012,  m  *0.01872,  «  *0.054,  and  b  *  10* s; 

(b)  Bodner-Partom  law:  1000,  Zj*  3.778,  2-.»3.l85,  m*15,  a»  1800®K,  and 

6*0; 

(c)  Johnson-Cook  law:  4*0.275,  B*  1.433,  C*36,  /i  *0.054,  v*0.8,  *  1800®K 

and  Bo*300®K. 

The  values  of  geometric  parameters  used  arc  //*2.5mm,  wo*  0.38  mm,  and  5  =  0.05.  The 
values  of  the  material  parameters  given  above  are  such  that  for  iS:  =  50W/m®C  and  average 
strain-rate  of  3300 s'*,  the  average  shear  stress  5,  versus  the  average  shear  strain  y^vg  curve 
approximated  well  the  expenmental  stress-strain  curve  for  HY-lOO  steel  given  by  Marchand 
and  Duffy  [7].  The  average  shear  stress  r,  is  defined  as 

=  f  0  Oy. 

7avg"=  3300s"*.  the  inertia  effects  not  play  a  noticeable  role,  and  the  shear  stress 
depends  upon  y  mainly  because  of  the  dependence  of  w  upon  y.  Subsequently,  the  values  of 
matenal  parameters  and  the  average  strain-rate  were  kept  fixed,  and  results  were  computed  for 
^  =0,  5,  50,  500,  and  5000W/m®C.  These  results  are  identified  below  as  follows. 


Curve  type  k  (W/m*C) 


0 

5 

50 

500 

5(XW 


For  the  Litonski  law.  and  for  =0  and  5  W/mT.  results  could  not  be  computed  satisfactorily 
once  the  shear  stress  began  to  drop  precipitously. 
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4.2  Numerical  results 

Figure  1  depicts  the  average  shear  stress  Sa  versus  the  average  shear  strain  curves  for  the 
three  constitutive  models  and  the  five  values  of  the  thermal  conductivity  k.  For  each 
constitutive  relation  used,  the  ^a-Yav*  curves  for  /c  =  0  and  5W/mX  are  essentially  identical 
with  each  other.  The  value  of  Vavg  at  which  5a  begins  to  drop  increases  a  little  with  an  increase 
in  the  value  of  the  thermal  conductivity.  However,  the  rate  of  stress  drop  decreases 
dramatically  as  the  value  of  k  is  increased  from  50  to  500  W/m®C  as  compared  wuh  that  when 
k  is  increased  from  5  to  50W/m®C.  For  each  value  of  k  considered,  the  value  of  y  ,^^  when 
the  average  shear  stress  becomes  maximum  is  the  least  for  the  Johnson-Cook  lass  The 
5a--y»v,  curves  look  alike  for  the  Litonski  law  and  the  Bodner-Partom  law,  except  that  the  rate 
of  stress  drop  is  a  little  less  for  the  Bodner-Partom  law  than  for  the  Litonski  law. 

Figure  2  depicts  the  evolution  of  the  homologous  temperature,  defined  as  the  ratio  of  the 
absolute  temperature  of  a  matenal  pomt  to  the  melting  temperature  of  the  material,  at  the 
center  of  the  specimen.  Because  of  the  non-dimensional  variables  being  used  herein,  the 
horizontal  scale  representing  the  average  strain  can  also  be  interpreted  as  the  time  elapsed.  For 
each  of  the  three  constitutive  relations  used,  the  rate  of  temperature  rise  is  largest  tor  k  -  0  and 
decreases  as  the  value  of  k  is  increased.  For  k-0  and  5  W/mX,  the  Johnson-Cook  law  gives 
the  steepest  rise  in  the  temperature  at  the  specimen  center.  It  should  be  recalled  that  the  shear 
stress  is  greatest  at  the  specimen  center  because  the  thickness  there  is  the  least.  For 
k  =  50  W/mX,  the  Litonski  law  gives  the  most  rapid  rate  of  temperature  increase  at  the  center 
of  the  specimen.  The  value  of  yav|  when  the  temperature  at  the  specimen  center  begins  to  rise 
sharply  is  different  for  the  three  constitutive  relations.  For  /c  =  500()W,mX  and  for 


’  «  r  (c) 


pjg  I  A\<?ra2e  bhear  stress  vs  average  snear  strain  for  ihc  three  constitutive  relations  jno  fhe 
values  of  the  thcnnal  conouctivuv  (a)  Litonski.  tb)  Bodner-Partom,  (c)  Jobiison-Cook 
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Fig,  2.  Evolution  of  the  homologous  temperature  at  the  center  of  the  specimen  for  the  three 
constitutive  relations  and  five  values  of  the  thermal  conductivity,  (a)  Utonski.  (b)  Bodner-Panom. 

(c)  JohnsoD-Cooic. 


0<  7avf  <  the  temperature  at  the  specimen  center  increases  nearly  linearly  for  each  of  the 
three  constitutive  relations  used,  except  that  for  the  Bodner-Partom  law  the  slope  of  the  vs. 
y,v*  curve  increases  at  y,vi=‘0.4.  As  the  value  of  k  increases,  the  heat  conducted  away  from 
the  central  hotter  region  to  the  outer  parts  of  the  specimen  increases  and  the  rate  of 
temperature  nse  at  the  specimen  center  decreases.  Because  of  the  adiabatic  boundary 
conditions  assumed,  the  temperature  everywhere  in  the  specimen  increases. 

As  a  significant  part  of  the  temperature  rise,  occurs  after  the  shear  stress  has  attained  its 
maximum  value,  we  have  plotted  in  Fig.  3  the  homologous  temperature  at  the  specimen 
center  versus  For  the  Litonski  law  and  the  Johnson-Coolc  law,  the  S„-sJSr^  curve 

corresponding  to  ^  =  50W/m^C  shows  a  second-order  transition  at  ==  0.945  and  0.92 

respectively.  For  each  of  the  three  constitutive  relations  studied  herein,  the  value  of  when 
=  1-0,  appears  to  be  independent  of  k.  This  value  of  d„  equals  0.2,  0.21,  and  0.214  for 
the  Johnson-Cook  law,  the  Bodner-Partom  law,  and  the  Litonski  law  respectively.  For  the 
Bodner-Partom  law,  the  dH-sJSmn  curves  for  the  five  values  of  k  are  essentially  straight  lines, 
and  the  slope  of  the  straight  line  decreases  with  an  increase  in  the  value  of  k.  It  should  be 
noted  that  for  fixed  values  of  k  and  s^/s^tx*  ^he  temperature  rise  at  the  specimen  center 
depends  upon  the  constitutive  relation  employed.  This  is  because  the  three  constitutive 
relations  give  different  rates  of  stress  drop. 

Figure  4  shows  the  shear  strain  at  the  specimen  center,  y,^,  versus  the  average  strain.  The 
curves  for  the  Bodner-Partom  law  differ  from  those  for  the  Litonski  law  and  the  Johnson- 
Cook  law.  For  the  Bodner-Partom  law,  with  an  ncrease  in  the  value  of  k.  the  slope  of  the 
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Rf.  3.  HoraologQus  ttmpcrtturtitUit  tfMCuoen  center  vs  u)  Utonski.  (b)  Bodner'^Partom. 

(c)  Johoson-Cook. 

ytoe*y»vt  doatas^.  For  the  Utonski  law  and  the  Johnson-Cook  law, 

the  ykie^y.vf  curves  for  i!:»50W/m’C  show  similar  qualitative  behavior.  However,  Y\oc 
increases  more  rapidly  for  the  Utonski  law  than  that  for  the  other  two  constitutive  relations. 
For  /c  »5000W/m‘’C,  yioc  inaeases  very  slowly,  mainly  because  most  of  the  heat  developed 
near  the  specimen  center  due  to  plastic  working  is  conducted  away.  For  =  500  W/m  X  and 
the  Utonski  law,  the  local  strain  seems  to  have  reached  the  saturation  value  at  V'avg  =  0.82.  A 
similar  behavior' was  observed  for  the  Johnson-Cook  law  at  but  not  for  the 

Bodner-Partom  law  up  to  Yw%  *  4.0. 

We  recall  that  the  thermal  softening  is  described  by  essentially  similar  functions  in  the 
Utonski  law  and  the  Johnson-Cook  law,  but  by  a  totally  different  functional  relationship  in  the 
Bodner-Partom  law.  We  believe  that  it  is  the  difference  in  the  thermal  softening  behavior 
stipulated  in  the  three  constitutive  relations  that  accounts  for  the  difference  in  the  evolution  of 
the  temperature  and  hence  the  local  strain  at  the  specimen  center. 

A  measure  of  the  localization  of  the  deformation  at  the  specimen  center  is  the  ratio  of  the 
shear  strain  there  to  the  average  strain  in  the  specimen.  As  localization  of  the  deformation 
occurs  in  earnest  when  the  shear  stress  has  staned  to  drop  precipitously,  we  have  plotted 
yioc/yavg-^a/^nux  Fig.  5.  For  thc  Bodncr-Partom  law,  the  curves  for  k=0,  5.  50,  and 
500W/m®C  essennally  coincide  with  each  other,  whereas  that  for  k  -  5000  W/mX  exhibits  a 
different  trend  and  suggests  that  7ioc/yavg  =  5.5  for  ^  0.80.  For  k  -  5000  W/m  ’C  and  for 
YuxIy^si  cquals  2.3  for  the  Johnson-Cook  law  and  3.1  for  the  Utonski  law.  For 
^=50W/m'’C,  the  curve  for  the  Utonski  law  shows  a  sharp  jump  in  the  slope  at 
=  indicating  the  rapid  growth  of  the  localization  of  the  deformation  at  the 
specimen  center.  By  the  time  the  shear  stress  drops  to  80%  ot  its  maximum  value,  the  shear 
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Fig.  4.  Evolution  of  the  sheer  llnm  as  the  specimen  center  for  the  three  constitutive  rehu.  ns  and  the 
five  values  of  the  thermal  oondJcovity.  (a)  Utonski.  (b)  Bodner-Psrtom,  (c)  Johnson-Cook. 


Strain  at  the  specimen  center  would  have  increased  enormously  and  the  specimen  would 
probably  have  failed.  We  recall  that  Marchand  and  Duffy  [7]  observed  the  maximum  shear 
strain  within  the  band  to  be  about  20.  For  k  »  500  W/m®C,  yioc/yavg  reached  a  saturation  value 
of  18  for  sjs„„  ^  0.6  for  the  Bodner-Partom  law.  For  the  other  two  constitutive  relations 
used,  /ioc/y«vi  reached  a  maximum  value  of  approximately  18  and  20  at  and  0.62 

for  the  Litonski  law  and  the  Johnson-Coolc  law  respectively.  The  decrease  in  the  value  of 
yioc/7av*  signifies  tha'  the  growth  of  the  shear  strain  at  the  specimen  center  is  less  than  the 
increase  in  the  value  of  Thus  the  width  of  the  severely  deformed  region  must  increase. 

Marchand  and  Duffy  (7)  defined  the  band  width  as  the  width  of  the  region  over  which  the 
shear  strain  stays  constant.  In  the  problem  studied  herein,  except  when  1:  =  500  or 
5000  W/m^’C,  the  band  width  so  computed  will  be  zero.  Therefore,  we  define  the  band  width 
as  the  width  of  the  region  over  which  the  shear  stain  equals  or  exceeds  95%  of  its  value  at  the 
specimen  center.  As  the  localization  of  the  deformation  depends  upon  how  far  the  shear  stress 
has  dropped  from  its  peak  value,  we  have  plotted  in  Fig.  6  the  band  width  versus  the 
square-root  of  the  non-dimensional  thermal  conductivity  /3  when  =  0.95,  0.90,  0.85. 

0.80,  0.75,  and  0.70.  The  reason  for  selecting  rather  than  /3  as  abscissa  is  that  Dodd  and 
Bai  [43]  found  the  band  width  to  be  proponional  to  {pY'^  It  is  clear  that  the  dependence  of  the 
band  width  upon  the  thermal  conductivity  is  nonlinear  and  is  different  for  each  of  the  three 
constitutive  relations  used.  The  band  width  decreases  with  a  decrease  in  the  value  of  the 
thermal  conductivity.  For  the  Litonski  law  and  the  Johnson-Cook  law,  the  band  width  tends  to 
zero  as  the  thermal  conductivity  decreases  to  zero,  but  such  is  not  the  case  for  the 
Bodner-Partom  law.  For  this  law  and  for  ^  =0,  the  computed  band  width  depends  upon  how 
far  the  shear  stress  at  the  specimen  center  has  dropped.  We  note  that  the  depicted  curves  were 
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(t)  Utonski.  (b)  Bodncr-Panom.  (c)  Johnson-Co'k. 


obtained  by  joining  data  points  with  straight  lines  rather  than  htting  a  smooth  curve  through 
the  data  points.  These  curves  do  not  support  Dodd  and  Bai’s  result  that  the  band  width  is 
proportional  to  iPY  ’. 

In  Fig.  7  we  have  plotted  the  band  width  as  a  function  of  sjs^^  for  the  five  values  of  the 
thermal  conductivity  and  the  three  constitutive  relations  used.  For  k  =  50  and  500  W/m  ^C.  the 
band  width  does  seem  to  reach  a  stable  value  as  the  shear  stress  at  the  specimen  center  drops. 
For  the  Luonski  law,  and  for  k=Q  and  5  W/m®C,  satisfactory  results  could  not  be  computed 
for  ra/5m»«~0.95.  For  the  same  values  of  k,  and  with  the  Johnson-Cook  law,  satistactory 
results  could  not  be  obtained  for  —  0.90.  For  each  of  the  constituuve  relations  used,  and 
for  k  =  5000  W/m  ®C.  an  interesting  situation  developed  in  that  the  band  width  decreased  first 
as  the  shear  stress  at  the  specimen  center  dropped.  It  reached  a  plateau  at  =0.85.  and 

then  started  to  increase.  The  rate  of  decrease  and  subsequent  increase  of  the  band  width  with 
respect  to  sjs„„  ^ioes  depend  upon  the  constitutive  relation  used,  A  plausible  explanation  for 
this  computed  decrease  and  increase  of  the  band  width  is  that  as  the  shear  stress  at  the 
specimen  center  drops  and  the  plastic  strain-rate  increases  sharply,  the  heat  generated  as  a 
result  of  plastic  working  raises  the  temperature  there  more  than  at  other  points  m  the 
specimen.  Inmally,  the  rate  of  heat  loss  to  outer  pans  of  the  specimen  is  less  than  the  rate  of 
heat  generation  at  the  specimen  center,  and  the  temperature  there  nses,  making  the  material 
there  softer  and  thus  easier  to  deform.  As  the  temperature  gradient  builds  up,  the  rate  of  heat 
loss  increases  and  eventually  equals  and  exceeds  the  rate  of  heat  generation  at  the  specimen 
center.  Thus  the  matenal  sunounding  the  specimen  center  begins  to  deform  severely,  too.  and 
the  band  width  increases. 
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Fig.  6  Dependence  of  the  band  width  upon  the  squaic^rooi  of  the  tion-dimensional  thermal 
conductivuv.  (a)  Litonski,  (b)  Bodner-Partom.  (c)  Johnson-Cook.  Curve  1,  sjs^  =0,95*.  Curve  2, 
=  Curve  3,  i,/i^-0.85;  Curve  4.  ra/r^  =  0.80;  Curve  5,  =^-'^5:  Curve  o. 


5,  CONCLUSIONS 


We  have  studied  the  problem  of  shear  band  development  in  a  thermally  softening 
viscoplastic  block  undergoing  overall  adiabatic  deformations.  The  thickness  of  the  block  is 
assumed  to  vary  smoothly  with  the  thickness  at  the  speamen  center,  being  5%  smaller  than 
that  at  the  outer  edges.  Three  constitutive  relations,  namely,  the  Litonski  law,  the 
Bodner-Panom  law,  and  the  Johnson-Cook  law,  have  been  used  to  represent  the  viscoplastic 
response  of  the  matenal.  The  values  of  the  material  parameters  used  are  such  that  each 
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Fig,  7  Dependence  of  the  band  width  uponx,/j^,.  Curve  0.  k  =  0:  Curve  1 ,  k  =  5  W/m  "C.  Curve  2. 
k  *  50  W/m  X,  Curve  3,  k  500  W/m  ’C.  Curve  4,  k  =  5000  W/m  X 

constitutive  relation  gives  essentially  the  same  stress-strain  curve  as  that  observed  by 
Marchand  and  Duffy  [7]  for  a  HY-lOO  steel  deformed  in  torsion  at  a  strain-rate  of  3300  s"^ 
Results  have  been  computed  for  thermal  conductivity  /c  of  0.  5,  50,  500,  and  5000  W/m  X. 
For  the  Bodner-Panom  law,  all  of  the  results  depend  smoothly  upon  the  thermal  conductivity. 
Also,  from  a  computational  point  of  view,  this  constitutive  relation  was  the  most  stable  in  the 
sense  that  satisfactory  results  could  be  computed  for  all  values  of  k  considered  herein. 

For  each  of  the  three  constitutive  relations  studied,  the  rate  of  evolution  of  the  temperature 
at  the  specimen  center  was  steepest  ior  k-Q  and  decreased  with  an  increase  in  the  value  of  k. 
A  similar  behavior  was  noted  for  the  development  of  the  shear  strain  at  the  specimen  center 
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When  the  time  scale  is  changed  to  one  which  is  proportional  to  Sa/s^ix^  the  rate  of  temperature 
nse  at  the  specimen  center  shows  a  transition  for  k-50  W/m  °C  both  for  the  Litonski  law  and 
the  Johnson-Cook  law.  For  the  Litonski  law  and  also  for  k  =  50  W/m  T,  the  rate  of 
localization  ratio  at  the  specimen  center  shows  a  transition  at  5a/.5n,ax  —  0.85.  Otherwise,  the 
results  depend  continuously  upon  for  the  values  of  k  considered  herein. 

The  computed  band  NMdth  decreases  nonlinearly  with  a  decrease  in  the  value  of  k.  Both  the 
Litonski  law  and  the  Johnson-Cook  law  predict  that  the  band  width  will  decrease  to  zero  as  k 
tends  to  zero.  Howe\er.  the  Bodner-Partom  law  gives  a  finite  value  of  the  band  width  for 
k  =  0.  The  band  width  was  not  found  to  be  proportional  to  the  square-root  of  the  thermal 
conductivity  as  asserted  by  Dodd  and  Bai. 
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